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Abstract
This paper studies bounds on outcomes in repeated games with private monitoring.
The main result places a necessary condition on equilibrium outcomes that relates the
short-run gain from a deviation to the discount factor, the statistical detectability of a
deviation in rivals’ signals, and the on-path payoff variance. This result is sharper than
existing bounds when players are patient and their signals contain private information
about their own actions. The bound also accommodates settings where a portion of
signals are observed on a delay. I use these results to study how information exchanges
affect the potential for firms to collude, a leading application of repeated games with

private monitoring.
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1 Introduction

It is well-established in the theory of repeated games that imperfect monitoring can inhibit
efficiency. However, computing the exact set of equilibria in such games is notoriously
intractable, and hence exactly characterizing the way in which the set of equilibrium payoffs
in such games varies with the monitoring structure is known to be difficult. This has motivated
a nascent literature that has derived bounds on equilibria in repeated games with private
monitoring structures (Sugaya and Wolitzky, 2017; 2018; 2023; Awaya and Krishna, 2016;
2019). These bounds take the form of necessary conditions that equilibria must satisfy. To

use these bounds to form predictions about how monitoring changes the set of equilibria, it
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is desirable that these necessary conditions are as close as possible to sufficient conditions,
making the bounds they imply as sharp as possible.

This paper proposes a new bound on equilibrium outcomes in repeated games with private
monitoring structures that is sharper than existing bounds under relatively general conditions.
The main result can be described heuristically as follows. Suppose that after each period, all
players communicate about their signals. In one period, a player decides to deviate from her
prescribed equilibrium action and lie about the signal she receives in an attempt to “cover
up” the deviation. If such a deviation is unprofitable—as it must be in equilibrium—then

the expected short-run increase in payoffs from this deviation is bounded by

)
\/ | 5(0n—path payoff variance)(detectability of deviation using reported signals)

where ¢ is the discount factor. This result most directly relates to Sugaya and Wolitzky (2023)
(henceforth SW23), who present a similar bound in a setting where a mediator observes the
true signals, and hence players cannot lie about them.! Because my framework allows players
to misreport their signal, this result is more general than SW23’s, and in particular is sharper
in settings where players’ signals contain private information about their action, which is
arguably the setting of interest in private monitoring games.

This result facilitates comparison to the bound of another related paper, Awaya and
Krishna (2019) (henceforth AK19). AK19 prove a bound based on a fixed deviation to an
alternative strategy, also relating a measure of monitoring precision to patience and the
range of payoffs. While AK19’s and SW23’s bounds have several similarities—both use
statistical measures of the difference between distributions to measure monitoring precision
that are of similar magnitudes—there are two key differences. First, AK19’s bound is of
order 6/(1 — §), as it bounds incentives history-by-history, while SW23’s bound (like the
one in this paper) is of order 1/d/(1 — §), as it bounds incentives on average across histories.
This makes SW23’s bound relatively tighter for more patient players. However, AK19’s
bound, by using an information-free deviation to a single action, depends on the monitoring
efficacy of rivals’ signals, while SW23’s bound, which is based on a one-period deviation,
depends on the monitoring efficacy of the entire vector of signals, which is looser in cases when
players’ signals carry private information about their action. This is exactly the dimension
along which this paper’s bound improves on SW23. As such, while SW23’s bound and
AK19’s bound are nonnested, I derive conditions under which this paper’s bound is uniformly

sharper than AK19’s, finding that if players’ conditional signal distributions under a deviation

1SW23 mention the possibility of this strengthening in their paper (p. 1735); I formally state it and analyze
the existence and magnitude of the tightening that it provides.



Blackwell-dominate those under on-path strategies, then my bound is sharper than AK19’s
in the patient limit.

I also extend the bounds to accommodate cases in which signals are observed on a delay.
Prior papers have studied the impact of delaying signals in repeated games with perfect or
public monitoring structures (Abreu et al., 1991; Fudenberg et al., 2014; Igami and Sugaya,
2022), but their impact on outcomes in private monitoring games has yet to be studied. If
part of the signal is observed immediately and part of the signal is observed on a delay of L
periods, I find that all three bounds (AK19’s, SW23’s, and this paper’s) go through verbatim
with detectability replaced by the effective detectability, defined as

effective detectability = (1 — 6%) - detectability of immediate signal +
6T . detectability of full signal.

In other words, monitoring capabilities “discount” at the same rate as payoffs. This expression
has a suitable generalization for cases in which signals are observed over more than two
periods with arbitrarily heterogeneous timing. The intuition is that deviation only causes
changes to future payoffs to the extent that players can use their signals to detect them. If
some signals are not observed for L periods, then they can only impact future payofts after L
periods, at which point payoffs are discounted by §%.

Using these results, I study a leading application of repeated games with private monitoring:
the effects of information sharing on tacit collusion. When firms exchange information with
one another, antitrust enforcers are typically concerned that the additional monitoring
capabilities provided by that information facilitate collusion, and have historically demanded
the degradation of these monitoring structures as remedies (Harrington, 2026).> T demonstrate
that in a symmetric log-linear demand setting, three different monitoring structures of interest—
no observation of rivals’ sales, full observation of rivals’ sales, and public observation of a
demand signal—have effects on the bound that boil down to a single constant with a closed
form. Changes to this constant across monitoring structures can directly be traded off with
the discount factor; thus, one can directly state the difference between monitoring structures
in terms of a difference in discount factors that would generate the same change in the set of
equilibria that satisfy the bound. Comparative statics suggest that in industries with demand
that is more correlated across firms, public demand information can effectively facilitate
collusion, while verified sales information is needed to effectuate collusion in settings with

more uncorrelated demand. These results provide new testable implications for the structure

2For example, the settlement of US et al. v. Agri Stats, Inc., a case about an information exchange in the
poultry and meat processing industry, requires that firms only share aggregate sales information as well as
delay any exchanged information so that it is at least 45 days old (US et al. v. Agri Stats, Inc., 2026).



of real-world information exchanges.

Beyond the clear relations to AK19 and SW23, this paper relates more broadly to the
literature on repeated games with private monitoring structures (Compte, 1998; Kandori
and Matsushima, 1998; Kandori, 2002; Mailath and Samuelson, 2006). Sugaya (2022) proves
a folk theorem for repeated games with private monitoring and sufficiently broad signal
structures, although the equilibrium strategies are not guaranteed to be optimal in games
with finitely patient players. Earlier papers bounding incentives in repeated games include
Fudenberg et al. (1998), Al-Najjar and Smorodinsky (2000), Al-Najjar and Smorodinsky
(2001), Awaya and Krishna (2016), Sugaya and Wolitzky (2017), and Sugaya and Wolitzky
(2018). Specific to information exchanges and collusion, Awaya and Krishna (2020) study
conditions under which exchanges of aggregate sales information can result in strictly higher
equilibrium payoffs, while Kreps (2026) uses the results of this paper to bound the effects
of counterfactual exchanges within the environment of a particular real-world information
exchange. This paper contributes a framework for studying possible outcomes in repeated
games that, while falling short of exactly classifying the set of equilibria, is sharper than any

previously derived under reasonably general conditions.

2 Preliminaries

2.1 Environment

A stage game G is characterized by a tuple (I, A, u), where I = {1,..., N} is the set of players,
A =TI, 4 is a finite set of action profiles, and u : A — RY gives payoffs for each player as a
function of the action profile. Payoffs are bounded: for all i and a € A, |u;(a)| < u < c0. «
denotes a distribution over A; let the mean and variance of i’s payoff given such a distribution
be denoted by u;(a) = Eqafui(a)] and Vi(a) = Varga(u;i(a)).

A monitoring structure M = (Y, p, L) is defined by a set of possible signal realizations for
all players Y =[], Y;, a family of conditional distributions p(- | a) € A(Y') for all a € A, and

a lag structure L that factors each player’s signal space into L + 1 components, Y; = HeL:o Y.

)

The idea is that after players play the stage game with action profile a, player 7 receives signal
yf ~ pt(- | a) € periods later, where pf is the marginal over y! € Y;* from p. Write Y, = [, Y/,
so that ¥ = Hf:o Y,. I assume a common support; that is, there exists Y C Y such that for
all y and a, p(y | @) > 0 if and only if y € Y. Two special cases are undelayed monitoring
structures, in which L = 0, and two-part signals with lag L, in which Y, is degenerate for
¢ ¢ {0,L}.

A repeated game T' = (G, M, 0) is defined by a stage game G, a monitoring structure



M, and a common discount factor § € (0,1). In each period ¢t = 1,2,... of the repeated
game, each player ¢ simultaneously selects an action a;; € A;. Player ¢ then observes signals
Yir = (yﬁt_e)zn:ig{t*l“, where (y{)L, is drawn from p(- | a;).* Thus, a history for player i
takes the form h! = (a; 4, yi,t/)i,_:ll, and a strategy o; maps a history A into a distribution
over a;;. Finally, a given strategy profile ¢ maps to an outcome p, which is a distribution
over infinite paths of actions and signals. Players attempt to maximize discounted expected
payoffs.

Suppose a given outcome u generates a distribution over actions /' in each period. The
occupation measure over these distributions is the discounted average over these distributions;

that is, for all a € A,

o0

a(a) = (1—6) Y 6" 'af(a).

t=1

The occupation measure is a sufficient statistic for players’ payoffs, as

(1=0)) 0 u(af) =) (1-06)) 6 tat(a)u(a) =D a*(a)u;(a) = u;(a?).

acA

The communication game. [ consider the communication game I'¢ derived from a
repeated game I'. In the communication game, there exists a mediator that receives messages
from each player about its actions and signals, and recommends actions to each player using
this information. The timing of any given period ¢ of the communication game is as follows:

1. The mediator sends recommendations r, = (r;;))¥; to each player. Player i observes

only its own recommendation 7; .

2. Players simultaneously take actions a; = (a;;)Y ;.

3. Players observe signals ((yﬁt_e)zmg{t_l’L})]'V :

4. Players simultaneously send messages m; Zl(mi7t)£\;1 to the mediator.
Player i’s history when it is selecting an action takes the form h! = (r; 4, a;p, yi7t/)§,_:1 - A
(behavior) strategy for player ¢ is a mapping from all such histories to tuples (a;,m;) €
A(A;) x M;, where «; is a distribution over actions, m; specifies a contingent message
given a period-t action and observed signals, and M; denotes the set of such contingent
messages. Meanwhile, a history for the mediator when it is recommending an action in period
t takes the form h = (ry, mt/):lel, and a strategy for the mediator maps such histories into
recommendations for all players.

The goal is to find a necessary condition that any Nash equilibrium of I' must satisfy.

In order to do so, I analyze the communication game; since the set of Nash equilibria of I"

3Note that y! is generated by actions in period ¢ but is not observed until period ¢ + £.



is a subset of those of I'C (Forges, 1986), a necessary condition for an equilibrium of the
communication game is a fortiori a necessary condition for the original repeated game. By
standard arguments (Myerson, 1986), any Nash equilibrium outcome is attainable as an
obedient and truthful equilibrium; that is, one in which messages are reports of past signals
that are truthful on-path and recommendations are actions that are followed on-path.* 1
therefore restrict attention to signal-valued messages and action-valued recommendations
from this point forward.

On the other hand, SW23 focus on the blind game I'?. In the blind game, players remember
their past actions but do not observe any signals, while the mediator does not observe actions
but observes all past signals from all players. This makes signals verifiable—the mediator
observes all signals directly and correctly, and players (who have no inherent informational
advantage over the mediator beyond knowing their own actions) cannot use private information
of their own signal realization to deviate. Meanwhile, in the communication game, players
can give any information to the mediator about their actions and signals. This implies that

the blind game supports a larger set of equilibria than the communication game.

2.2 Manipulations

An action manipulation for player i is a mapping s; : A; — A(A;). The idea is that when
recommended action a;, the player instead plays action a; with probability s;(a; | ;). The

(expected flow) gain from an action manipulation s; given an action distribution « is
gi(si,a) = > Y ala)si(@; | a;) (ui(@s, a—;) — wi(a)). (1)

a is a static e-correlated equilibrium action distribution if g;(s;, a) < e for all 7 and s;.
A message manipulation for player i is a set of mappings ¢ = (¢/)L,, with ¢f : A? x
Hi/:o V¥ x ﬁ;l oYY — A(YY) mapping from a recommended action a;, an actual action a;,

)t _y, and a set of prior reports (7¢ )5_} to a probability

a set of prior signal realizations (y; _
distribution over reported signals. ¢/(7¢ | as, @i, v, ..., y5 90, ..., g¢ ) is the probability that
player i reports signal g to the mediator £ periods after receiving action recommendation aj,
playing action @;, receiving signals 32, ... ,%¢, and having reported 7?,...,7". Note that a
message manipulation is specific to signals generated by actions in a particular period, not
those observed in a particular period. I refer to a pair (s;, ¢;) as a manipulation for player i.

The analysis will consider the one-shot deviation of player ¢ manipulating its action in

4The fact that recommendations are followed on-path means that the mediator effectively knows the actions,
meaning players do not need to include actions in their messages.



one period and all messages of signals relating to that period according to (s;,q;), while
being obedient and truthful in all other periods.” If this deviation is applied in period ¢, the
deviator will send a period-t message that is in part truthful and in part not; it will truthfully
report ?/f,tfe for ¢ > 0 but manipulate ygt. One might wonder whether manipulating all
signals at once would be a more effective deviation. However, note that due to the imperfect
monitoring structure and full support assumption, rivals cannot detect deviation off-path,
meaning players must be dissuaded from deviation using variation in on-path payoffs; there
is no analogy to a grim-trigger punishment. Because of this, player ¢ can attain a greater
benefit from manipulating its reported signals if it also manipulates the actions generating
those signals in a beneficial way. This provides a heuristic basis for why I consider a deviation
in which player ¢ only manipulates messages corresponding to a manipulated action, although
there is no formal guarantee that this is the binding deviation, hence why the main result

provides a necessary but perhaps insufficient condition.

2.3 Detectability

Because reports of signals are truthful on path, how a given manipulation affects the
distribution of reported signals, not actual signals, is what matters for detectability. Suppose
the mediator recommends action profile a, which player ¢ manipulates according to (s;, ¢;),
and action profile @ = (a;,a_;) is played. Because players —i report truthfully, their reports
coincide with their true signals, and I write y_; for both. The conditional probability of the

mediator receiving a reported signal profile ¥ = (v;,y_;) is

L
p(y | a5 q:) = Zpy“z V@ ai @y, ul 0,0 (2)
=0

Given a distribution over action profiles «, the detectability of a manipulation (s;,¢;) is the
expected y2-divergence between the distribution of reports under obedience and truth-telling

and that under the manipulation:

Cloanain) =3 ¥ S ala)s @ a)p(i| o) (ML)

a€Aa;€A; yeY Py I a>

where @ = (a;, a_;), the inner summand has the convention ¢?/0 = oo for ¢ > 0 and 0%/0 = 0,

and I emphasize x?’s dependence on the distribution p, which will vary when signals are

5Because SW23 study the blind game in which the mediator observes the signals, only action manipulations
are applicable to their setting. They consider the analogous one-shot deviation in which player ¢ manipulates
its actions in one period but is obedient in all other periods.



lagged. Notice two aspects of detectability, as defined in (3). First, if ¢; is truthful (i.e.,
always places probability 1 on y; = y;), then p(y | a;¢;) = p(y | @), and detectability is simply
equal to the average y?-divergence between the signal distributions under @ and under o',
where the average is taken over (a,d’) ~ (a, s;). Second, if ¢; places positive probability on
a report profile § ¢ Y—one the mediator knows to be impossible—then p(y | a) = 0 while
p(y | @;q;) > 0, and x?(s;, q;, a; p) = oo. This would arise, for example, if players publicly
observe an aggregate signal; then different players having different observations of that signal
has probability zero, and a message manipulation that does not always tell the truth is
infinitely detectable.

The detectability of a deviation as defined in (3) will provide a bound that is too loose
when part of the signal is observed on a delay. To see this intuitively, suppose that an entire
signal is fully delayed by ¢ periods. Players are deterred from deviating by punishment.
If that punishment comes ¢ periods later, then the size of the punishment decays by &
in present-value terms, making deviation more profitable. This reasoning suggests that
detectability should “discount” at the same rate as payoffs.

To formalize this intuition, let p<¢(- | a) be the joint distribution of signals 3°, ..., y*
conditional on an action profile a, and let qfe = <Qf/)$/:0- The effective detectability of
a monitoring structure is the discount factor-weighted convex combination of cumulative
detectabilities; that is,

L-1

X'L?,eff(sia qi, O[,p) = 5LX12(S’i7 di, Oé,p) + (1 - 5) 25£X12(Si’ qiée7 a;pgg)' (4>
=0

Let the incremental detectability in period ¢ be the difference between the cumulative de-
tectabilities at lags £ and £—1: Ax?3(s;, qfe, a; p=t) = X3 (s, qigé, a; p=) —x2(si, qigé_l, a; psth,
with Ax?(sq, @Y, a;p°) = x2(s4, @Y, a; p°). Notice that Ax?(+) > 0: observing the lag-¢ signal
always increases detectability. We can also rewrite effective detectability as the discounted

sum of incremental detectabilities,

L
Xen (50 i a5p) = > 6°Ax3 (51,45, a5 p="), (5)
£=0

which will turn out to be useful for the analysis.
It will also be useful to consider, for a fixed action manipulation s;, the message manipu-

lation resulting in the smallest possible effective detectability. That is,

Xieff(si’ CY) = H(llln X?,eff(siy qi, @ p) (6)



This object is well-defined. To see this, note that the set of message manipulations is
compact, the objective is bounded below by zero and continuous over values of ¢; such that
Xieﬁ(-) < 00, and finite values are feasible because truth-telling always results in a finite X?’eﬁ

by the full-support assumption.

3 Strengthening the Sugaya—Wolitzky bound

This section contains the main result of the paper: a strengthening and extension to delayed
signals of SW23’s Theorem 1. Before doing so, I restate SW23’s result. Restrict attention to
an undelayed signal structure, and let Xf’T(si, a) = x2(si, qF, a; p) be the detectability of an
action manipulation with the truthful message manipulation. SW23’s Theorem 1 shows that

every Nash equilibrium occupation measure « of I' for an undelayed signal satisfies

J
gi(si, ) < 135 2T (s, a)Via) Vi, s;. (bound-SW23)

Theorem 1. Every Nash equilibrium occupation measure o of I' satisfies, for each player 1,

action manipulation s;, and message manipulation q;,

0
gi(ss, ) < mX?,eff(Sh%O@p) Vi(a). (7)

Minimazing the right-hand side over message manipulations yields

gi(si,a) < \/1 f 6&%95(8“ a) Vila) Vi, s, (bound)

and consequently « is a static e-correlated equilibrium for

€ = max %X?,eff(si’ a) Vi(a). (8)

Several limit cases and comparative statics are immediate. When ¢; is truthful, (7) is
the effective-detectability bound for the true, undistorted signal. When in addition £ = {0}
(undelayed), it is exactly (bound-SW23). Because (bound) minimizes over messages, it is
weakly sharper than both, while Proposition 1 demonstrates that it is bounded from below
by the same expression with x?(-; p_;). For a two-part signal with delay L, X?’eﬁ approaches
x2(+; p°)—the detectability of the immediate signal—as L — oco. Lagging the signal affects
incentives more as players become less patient and as the incremental detectability of the

lagged signal over the contemporaneous signal increases.



Before going through the proof, I preview the intuition. The key step is Lemma 2, which
has two parts. The first part bounds from below the expected variance of the period-t + 1
continuation value, conditional on a history before period-¢ play, by the sum of the conditional
variances of continuation payoffs explained by each signal observed between period t and
period t 4+ 1 (which includes each signal with lag ¢ generated in period ¢ — ¢). The intuition
for this step is that because the revisions in expected continuations explained by each lagged
signal are independent conditional on a period-t history, as the conditioning set includes the
recommendations (which correspond to actions on path) that generated each signal, one can
write the variance of continuation payoffs as the sum of the variances explained by each signal
plus a nonnegative residual term capturing variation not explained by any individual signal.

The second part of Lemma 2 bounds from above the ratio of the squared gain from a
deviation to the effective detectability of that deviation by the discounted sum of conditional
variances of continuation payoffs explained by signals generated by period-t play. With an
undelayed signal, deviating in period ¢ and then adhering to the mediator’s recommendations
in all future periods causes a change to continuation payoffs equal to the sum over future
histories of the difference in probabilities of reaching that history times the continuation
payoff of that history, which must be no less than the period-t gain from deviation in
equilibrium. SW23 then use the Cauchy—Schwarz inequality to bound this sum of products
by the square root of the detectability times the variance of period-t 4+ 1 continuation payofts.
Here, with a lagged signal, deviation implies changes in continuation payoffs in periods
t+1,...,t+ L+ 1 as more of the signal gets revealed. Incentive compatibility requires that
the period-t gain from a deviation must be no more than the discounted sum of expected
changes to continuation payoffs from the lagged signal observed ¢ periods later. Applying the
Cauchy—Schwarz inequality separately for each ¢ bounds this quantity by the incremental
detectability multiplied by the variance of continuation payoffs explained by the signal with
that lag, and applying Cauchy—Schwarz again combines this expression into the discounted
sum of incremental detectabilities—which is the root of the effective detectability—times the
discounted sum of explained continuation variances. Because these explained continuation
variances are the same objects from the first part of Lemma 2, just in a different order, applying
these bounds for infinitely many periods yields a relation between effective detectability, gain,
and payoff variance.

It is also worth pointing out that the shift from the blind game to the communication
game—which underlies the tightening relative to SW23—does not add any complexity to the
proof; all the new technical steps come from the extension to lagged monitoring structures.
The key difference between the blind game and the communication game is that the mediator

receives verified signals in the former but not the latter. However, because in equilibrium

10



the mediator receives truthful reports of signals, the mediator acts as though the reports it
receives are the true signals throughout. Letting players misreport signals strictly increases
the set of potential deviations that are considered, tightening the bound, while the statement
of Theorem 1 being a necessary condition means that the response to off-equilibrium path
messages does not need to be specified, beyond the assertion that they make deviation

unprofitable.

3.1 Proof of Theorem 1

Fix a Nash equilibrium outcome g of I'; which is a truthful and obedient equilibrium outcome
of I'°. Throughout the proof, restrict attention to message manipulations whose reports lie in
Y almost surely; any other manipulation has Xie = 00 by convention, so (7) holds trivially.
Along a path of action profiles a, as, ... with positive probability under p, let u! = w;(ay),

and let w! be player i’s continuation payoff; that is,

wl = (1—9) Z(Stl’tuf.
=t

Let a history of actions and reported signals (which correspond to true signals on-path) at
s t—1

the beginning of period ¢ be denoted by h! = (at/7 (4, )t _1’L}> . Let Ul = E[ul | h']
=1

t/

and W} = E[w! | h*] be the expected period-t utility and continuation payoff given history h?.
Noting that w! = (1 — 0)u! + dw!t?, taking expectations with respect to ht yields

Wi = (1=08) U + dE[W; ™ | 1], (9)

The first goal is to rewrite incremental detectabilities in terms of conditional and marginal
likelihood ratios. Fix a player 4, an action profile a, a manipulated action for player i a;, and
a message manipulation g;. Define the joint and incremental likelihood ratios of cumulative

signal reports through lag ¢ as

P | @ ai; g

ygé(i}gé; a, a;, qugg) = T | a)
~<O | ~<d—1 PR
VS(M—I(@/SK; a,a;, ql§€> _ p<y (’gie ’ Az<aZa1a2)7 4q; )
py="1y="-,a

The numerator of v=¢ is the joint probability of the mediator observing signal reports 7=*
assuming that actions a were played, that player 7 is manipulating its messages according

to g;, and that other players are truthful, while the denominator is the probability under a

11



assuming all players are truthful. Letting 7°(-) = 1 — v*(-), the cumulative detectability of a

signal can be written as

X (50,675 asp=) = Y ala)si(@ | a)p(y=" | @)= (7= a, a@;, ¢7°)*. (10)

a,a;,y=*

~<fg—1

¢ = pst1y=l=t and (b) since p(- | 9

Note also that (a) by construction v= Va4 q=) is a
probability distribution, E,g<e-1 o<1 (7= a, a;, ) =1.
We start by rewriting the incremental detectability in a form that will ultimately prove to

be convenient.
Lemma 1. For each ¢, the incremental detectability of the lag-{ report satisfies

AX; (51,675 asp=) = Y ala)si(@ | a)p(5=" | a) x

a,a;,y<t

2
<b—1/~<l-1, ~ <U—1\=<l|t—1/~</L, ~ <l
(Vﬁ (yi y @, G4, q; )I/ | (y y @y Ay g )) .

Proof. Fix a,a;,y=* ¢ and suppress them as arguments to v* and 7*. Since v=‘ =

ySE1y=U-1 we have

PSS Sl Sy Siel St st il

Squaring and taking expectations over y=¢ ~ p(- | a),
<l—1-<4)0—1)2 —<t\?2 —<l—<l—1 —<l—1\2
Epciay | (57 75| = By | (759) - 205551+ (57)7)
By the law of iterated expectations,
—<—<l—1 —<t-1 — <l ~<t-1 —<t-1\2
By (P57 = By [P Eyger . P75 7)] = By | (757)]

where the last equality uses E[F=! | 7571 = 1 — SRS | 501 = 1 — 501 =

7=-1. Substituting, Ey(jq) [(VSZ_I?SZ'H)Q} = Ep(la) [(ﬁgﬂ — Ep(ja) [(ESH)Q]- Taking
expectations over a ~ « and @; ~ $;(- | a) turns these terms into X?(si,qig,a;pg) and

X2(s5,¢=F, a; p=t1); their difference is Ax2(s;, ¢=*, a; p=*) by definition. O

We now prove the analogue of SW23’s Lemma 1 for the delayed signal. Let 8¢ be the

expected variance in future payoffs in period ¢ + ¢+ 1 explained by the mediator receiving the

12



message y;, which is generated by actions in period ¢ and observed in period ¢ + £. That is,
By = E [Var (E [W/HHp 5] h )],

with convention 3f = 0 for t < 0. We show that (a) the variance in continuation payoffs
explained by signals observed after period ¢ is bounded above by the variance of continuation
payoffs given the previous history, and (b) the variance in continuation payoffs explained by
the signals generated by period-t play is bounded from below with the ratio of the squared

gain from the deviation to the effective detectability of the deviation.

Lemma 2. For all periods t, players v, action manipulations s;, and message manipulations

¢, we have

L
DBl < E[Var(WiH | ) (11)
=0
> (10 ) _
TN ) X ea(sin g o p)

Proof. Inequality (11). The messages the mediator receives at the transition into period
t+1 are (L)t Let DY, = E[W/H | bt gt ,] — E[W!T | hY] be the change
to player i’s expected continuation value upon the mediator receiving gy ,. Note that
(a) E[(Df_,)%] = Bf,; (b) E[Df, | h'] = 0; (c) because signals generated by actions in
different periods are drawn independently conditional on actions in those periods, the on-path
actions are determined by h!, and on-path messages are truthful reports of those signals,
E[D! ,Df , | h'] = E[D{, | WE[DY , | hY] = 0 for £ # ¢'; and (d) because D! , is a
conditional expectation of W/™! — E[W/™! | h!] given coarser information, E[D?_,(W}/*! —
E[W/t | ht])] = E[(Df_,)?] = B¢, for all £. Letting t(L) = min{t — 1, L}, facts (d) and (c)
imply that

() ?

E [ (Wi — E[WH | ) ZD =EDL) | =E[ (Y Dl |
=0

so the residual W/t — E[W/™! | hf] — 3, Df_, is orthogonal to >, D!_,. Therefore,

2 2
t(L)

E[Var(W | b)) = E ZD +E | [ W —EWH | b - ZD
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t(L)

_ Zﬁtéfz +E WitJrl _F Wt+1 | ht Z D
(=0
H(L)

> Z By_y.
/=0

which, as 8¢ , = 0 for ¢t < ¢ by convention, gives (11).

Inequality (12). For k > 1, let WHk(ht TS = E[w™** | bt ay = a, 77" = 7] be player
1’s expected continuation payoff from period t + k onward given the mediator’s eventual
receipt of the period-t reports through lag ¢, = = (3*)%_,, and let W1 () = Wt+1( ) be
the ultimate expected continuation payoff after all signals are realized. Note that W, is
the deviator’s expected continuation payoff under the deviation conditional on the reports:
given the recommendation a and reports ¥, the distribution of future recommendations—and
hence, by obedience and truthfulness from period ¢t + 1 on, of the action path that determines
wf“—is the same as on path, so the deviator’s privately observed action and signals affect
play only through the reports.

Consider the following one-shot deviation for player i: apply action manipulation s; in
period ¢t and message manipulation ¢; to all signals generated by period-t play, and remain
obedient and truthful in all other cases. As u is an equilibrium outcome, this deviation is
unprofitable. Unprofitability of the deviation implies that

Lty < X pl s ) Y (05 | ) — ol 8 0) Wen (W,0.5), - (13)

P~ —
ht,a,a; Yy

[ J/

D ~
=AWiy1(ht,a,a:,q:)

where a = (a;,a_;), u(-) is the on-path probability of (h,a), and the dependence of g;(-) on
s; is suppressed. AW, 1(h',a,a;,q;) is the change to expected continuation payoffs, taking
expectations over the signal realizations conditional on the actions, from playing action
manipulation s; and message manipulation ¢;. Notice that p(y | a) — p(y | a;4:) = p(y |

a)ﬁSL(’y” a, ai) QZ)7 and

L

L
ESL E (vge o vge—1> — § :Vgé—lvgé\ﬁ—l‘
=0

=0
where we define v==! = 1 and 7=~! = 0. Further, notice that

—</l-1

Wt_—H (ht7a7g§€—1) =E [w§+1 | ht ,g<€ 1}
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E [E |:U)§+1 ’ ht, ~<£:| ’ ht a ygf 1:|
8 [T 0 07

Finally, > o< p(7=t | a)r=rtpsit- 1Wt<f1 Y= 0: »=1 and I/VtJrl factor out of the sum over

7', and the two remaining conditional distributions each sum to one. Thus, we can rewrite

L
AWt—‘rl(ht)aaahqi) = Zzﬁf(ht7a7’d’i’qi>, (14)

S, 0,1, ) = Zp = | = 7= (WL (0, 5 - Wiy (00,7571

~<£

<t—1 T o (TS

(y_ )
Eyorp(a) [Wt +1(h a,y®)]. Finally, because 3¢ is received after period t + ¢, and hence only
S =

where the dependence of v=~tand v a, a;,q;) is suppressed, and Wf +_11(ht, a) =

affects continuation payoffs starting in perlod t+ ¢+ 1, we can write Wt H(ht

(1=8) S5 8Y Bl | b, a, =)+ 6 Wirgir (bt a, 7<), where E[ut | b, a,7="] = E[u! |

ht,a,y=*"1] for ' < t + ¢ by the independence argument below. Differencing, we have

() = 00N p | S T (Wl (W0 55 = Wl (0 0, 5570))

'g<£

One can interpret ©=¢ as the component of the expected change in continuation payoffs from
the deviation that operates through the mediator’s receipt of the lag-¢ report. This report
can only affect continuation payoffs starting in period ¢ + ¢ + 1, at which point the change to
period-(t + 1) continuation payoffs is discounted by d*.

Letting m(h', a,a;) = u(h',a)s;(a; | a;) be the probability of history h’, action a being

recommended, and manipulated action a; being played in period ¢, we therefore have

> m(h' a0, @) S5 (0 a, G, qi)

ht,a,a;
=60 > e @pi | a ST (W (00, 55 = WL (00 57570
ht,a,a;,y=t
Z m(ht, a,@)p(y= | a) (v=4- 1=tit= 1) X
ht,a,a;,y<t
~ <t ~ —<l—1 - 2
Z m(h',a,a;)p(y=* | a) <Wt+£+1(htvaayg) t+£+1(h a, y=t= 1))
ht.a,a;,5<¢

= 5£\/Axf(si,qu,af;p<f)E [Var (I/VtJreJrl | ht, a, y=t- 1)]
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< 083 (s, a7 offs p<O)E [Var (B [ W it ] [1+)]

— 5 AxE (i, g, p0) B

The first inequality is Cauchy—Schwarz. The second equality applies Lemma 1 to the first term
and, to the second, the fact that Wf f; +11 is the conditional mean of Wf er 41, as above. The
second inequality holds by the following argument. Because signals are drawn independently
across periods conditional on actions, and At includes (az, J=""") but not ¢, the report
7¢ is independent of At given (h',a,J=""). Thus Wf fz 1 averages the finer conditional
expectation E[W! T | pt 3¢ over intervening histories h*™¢ with weights that do not
depend on . As the variance of an average is at most the average of the variances, averaging
over the intervening history cannot raise the variance of the continuation payoff explained by
Ui
Combining this inequality with (13) and (14) gives

1—96 ~ ~
ng(at) S htz;‘ m(ht7 a, ai)AWt-i-l(htu a, G, QZ)
= Z Z m , a, az Z Z(ht7aaai7%)
{=0 ht, a,a;

< 255\/&(1 (si, 7" af'sp=0) B

L L

S\ D S AXH(si gt afipst) | | D 6

=0 /=0

L
- \ X ot (81 @ir 45 D) Zéfﬁf
=0

where the second inequality is another application of Cauchy—Schwarz. Squaring and rear-

ranging gives (12).9 O

6Strictly speaking, squaring is valid only when g;(s;, af') > 0; the deviation may have a negative flow gain in
some periods, in which case (12) should be read with max{g;(s;, a4'),0}? in the numerator (the same implicit
step appears in SW23’s Lemma 1). This does not affect the result, as (z, z) — max{x 0}2/z is convex for
z > 0, so the Jensen step below goes through with max{g;(-), 0}2 in place of g;(-)? throughout and (7)
follows because g;(s;, o) < max{g;(s;, &*),0}. This form also guarantees that each o' lies in the domain
of convexity used below: by the unsquared inequality above, x; 2 #(si,qi, o' p) = 0 implies g;(s;, o) <0,
and hence max{g;(s;,a}’),0} = 0.
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Now we recursively bound the payoff variance. By SW23’s Lemma 1,

1—-9

Var(E[W;* | pT]) > %Var(WiT) - Var(U]). (15)

By the law of total variance, Var(W;' ™) = Var(E[W; ™ | nT]) + E[Var(W ! | hT)]. There-
fore, combining (15) and (11), we have

1—

1 b L
Var(W, ) > SVar(WiT) - Var(U]) + > i .
=0

Recursively applying this inequality over ¢t = 1,...,7, multiplying both sides by 47, and
canceling Var(W}) = 0 yields

T L T
ST Var(WIth) > Z Zﬂf—f —(1-=9) Z5t_1Var(Uf).
=0

t=1 t=1

Take limits as T — oco. Payoffs are bounded, hence Var(W;/*1) is bounded; therefore the

left-hand side of the above expression vanishes. Rearranging gives

(1-9 Zdt War(U}) 22 Zﬂtg

t=1

=Z Zéeﬂt
N 5t (1_5)2 gi(si, )?
1

8

8

il
N

v

0 ) Xiew(si: @ aysp)

t

where the last inequality is (12). We therefore have

5i5t—1v (U > (1-3) iat—l g:(504) (16)

arft; ) 2 (L — )

t=1 t=1 X?,eﬁ(sh 4i, O‘g; p)

The function f;(a) = % is convex in a over the set {a € A(A) : X2 4(si, ¢i, ;p) =
i,eff (81,43, ;

0 = g(s;, ) = 0}, with convention 0/0 = 0. The proof is identical to SW23’s Lemma 2, as

g:(+) and X??eﬁ(-) are both linear in «, given a fixed ¢;. Therefore, Jensen’s inequality implies
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that

o0

(1-94) Z(st—l 9i(si, af)? N G (51, (1= )%, 5'5—10[#)2

=1 X?yeff(sia qi, O[?,p) o X?,ef—f (Siv qi, (]- - 5) Zt 5t_1af;p)

17
— gi(sha#)Q ( )
Xieﬁ“(sm qi, Oé“,p) '
In addition, as proved by SW23,
5 - t—1 t
T Vila") > 5;5 Var(U?). (18)
Substituting (17) and (18) into (16) gives
(q. )2
J Vi(ah) > — gi(si, o) ‘
1 _5 Xi,eff(sivq%au;p)

Rearranging and taking square roots gives (7). Minimizing the right-hand side of (7) over ¢;
gives (bound), while maximizing g;(-)/,/x? () over s; and i gives (8). O

4 Quantifying the improvement of this bound

(bound) tightens (bound-SW23) by allowing deviators to lie about their signals. This section
analyzes when, and to what extent, this tightening is important. Intuitively, the tightening
will be shown to be more important as rivals’ signals become less informative of player ¢’s true
actions and signals, implying that this non-verifiability matters for games in which private
information is first-order.

For exposition, I restrict attention to a no-delay signal; all results in this section have
counterparts for delayed signal structures presented in Appendix A.1. I therefore drop the
eff subscripts on X? and Xf’T. Let ¢! be the truthful message manipulation that reports the
true signals with probability 1, and let x> (s;, @) = x?(si, 7, o; p) be the detectability under
a given manipulation with a truthful message. Since ¢! is feasible in (6), it is immediate that
X? < X?’T. The importance of signal non-verifiability is proportional to the strictness of this
inequality. To characterize this strictness, we can use the following lemma to decompose ?
into the detectability of rivals’ signals, which is unaffected by i’s message manipulation, plus

a nonnegative remainder term that depends on the manipulation.”

Lemma 3. For any manipulation (s;,q;) and action distribution o, X?(si,qi,a;p) =

"This is the order-two case of the chain rule for Rényi divergences (Polyanskiy and Wu, 2025, Section 7.12).
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X2 (i, ;p—i) + R(s4, qi, a;p), where

X (s, 05p) = Z a(a)si(a; | a;)p(y-i | a)

a,Qi,Y—i

(p(y—i |a) = p(y-i |Ei))2

p(y—i|a)

is independent of q;, and

~ ~ ~ ~ 2
~ o ply-i|@)? pi | y—i: a3 ) — p(¥i | y-i, @)
R(:) = a(a)si(a; | ai)————<p(¥i | y-i,a) ~ >0
~;y_ p(y-i | a) p(i | Y-, a)
with a = (@i, a—;) and p(Yi | y—i,a;q) = >, 46U | ai,ai,y:)p(yi | y—i,a) the conditional
distribution of i’s report given rivals’ signals under the manipulation.

Proof. See Appendix A.2. m

Lemma 3 implies that x?(s;, a;p_;)—the detectability of action manipulation s; using
only rivals’ signals—is a lower bound for X?(Su «). Intuitively, this is because players —i are
truthful on path—the mediator always has access to the true y_,—and player i’s message
can only provide additional information about a;. Thus, the best player ¢ can hope for is to
simply not add any additional information.

The following proposition, which is the main result of this section, shows that the minimum
detectability varies in this range based on the extent to which player ¢ can disguise its action
with its report. Player ¢ can fully disguise its action if the action that was recommended
by the mediator is less informative in the Blackwell sense about its signal, conditional on
its rivals’ signals, than its deviation action. In this case, X? attains its lower bound of the
X7 of rivals —i. On the other hand, if varying 4’s action does not change the distribution
of 7’s signals conditional on rivals’ signals, then ¢’s signal does not provide any additional

information to the mediator, and truth-telling attains the lower bound.

Proposition 1. Assume L =0, and let Y_; be the set of possible realizations of y_; from'Y .

For all o and s;,
X3 (si,05p-5) < xC(si,0) < x5 (81, ). (19)

In addition,
(i) X3(si,;p_;) = X?’T(si, a)—and hence both are equal to X?(Siv a)—if and only if for all
a€suppa, a; € supp si(- | a;), and y_; € Y_i, p(yi | a,y—i) = p(yi | @i, a—i,y—:);
(i1) X?<Si7 a) = x3(si, a; p_i) if and only if, for each a; in the support of a’s marginal and
a; € supp si(- | a;), the family {p(- | a;,a—;,y—;)} dominates the family {p(- | a,y—;)} in
the Blackwell order as experiments indexed by a_; € supp (- | a;) and y_; € Y_;.
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Proof. The first inequality in (19) is immediate from Lemma 3, while the second is immediate
from the definition of x? (6). To establish (i), note that x7 (s, a; p—i) = x> T (s, ) is equivalent
to R(si,q; ,a;p) = 0. Let w(a,@;,y) = a(a)si(a; | a:)p(y—i | @)°p(yi | y—i,a)/p(y-i | a). The
full-support assumption on p implies that, for y € Y, w(a, a;,y) > 0 if and only if a(a) > 0

and s;(a; | a;) > 0. Then, we have

a 2
1 4 —iy Ay, ;) — i —iy @
R(siql ) =Y wla,d,y) (p(y |y ) —plyily >>

= p(Yi | y—i,a)
R(si, qF, a;p) = 0 if and only if the term inside the parentheses is zero for all a,a;,y such
that w(a, a;,y) > 0, which is true if and only if p(y; | y—i, @i, a—;) = p(y; | y—i, a) for all such
a,a;,y. This establishes (i). For (ii), Blackwell dominance of the family of experiments is
equivalent to each on-path conditional being a garbling of its deviation counterpart; that
is, there exists a Markov kernel ¢;(- | a;, a;, y;) such that for all y;, a_; € suppa(- | a;), and
y—i €Yy,

p(Yi | y-i,a) = Zp(yi | Y—is @i, a—i) @i (Y | @i, @i, yi) = p(i | y—i» @i, a—i5 ¢s)-
Yi

If such a ¢; exists, then using it as the message manipulation results in R(s;, ¢;, a;p) = 0,
attaining the lower bound. Otherwise, for all ¢;, there exists an a,a;,y;,y_; such that
a(a) >0, si(@ | a;) >0, (Gi,y—) €Y, and p(¥ | y—i,a) # p(Ui | y—i, @, a_s; ¢;), implying
that R(s;, g, a;p) > 0 for all ¢;, and therefore X?(Siv a) > (s, a;p_y). O

To better parse the economic contexts in which X? provides an improvement over X?’T or
attains the lower bound, it is useful to provide sufficient conditions for each of the conditions
in Proposition 1. Let a monitoring structure be i-semipublic if there is a function A such that
for all y € Y, y; = h(y_;) almost surely. This is a weaker condition than public monitoring
(y; = y; for all 4, j). i-semipublic monitoring is sufficient for message manipulation from
player ¢ to be ineffective, as i’s signal is already observable from other signals available to
the mediator. On the other hand, two conditions are sufficient for X? to attain the lower
bound. First, if i’s signals are conditionally independent of rivals’ signals given an action
profile, and ¢ can infer its rivals” action profile from the underlying signal distribution and #’s
recommendation, then ¢ can attain the lower bound by drawing its signal report from the
conditional distribution of its signal given the recommended action profile and observed signal.
Second, if 7’s action enters its signal as a location shifter separate from rivals’ signals, then
can fully “difference out” the deviation from the signal. These implications are collected in

the following corollary.
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Corollary 1. Under i-semipublic monitoring, x2(si, ; p—i) = X>(si, @) = x> (s, ). Mean-

while, x*(si,a;p_i) = X?(Siv «) if either of the following is tme:Z

(i) y; L y_; conditional on a and, for each a,a’ € supp «, if a; = a, then a = a’. In this

case, q;(yi | ai,a;,y;) = p(y; | a) attains the lower bound, where a is the (unique) action
profile featuring a; with support in «.

(i1) There exist functions g; and g_; such that y; = gi(a;) + g_i(a_;) + ¢, where (; is

independent of a conditional on y_;. In this case, reporting y; = y; — gi(a;) + gi(a;) with

probability 1 attains the lower bound.

This result allows two remarks about the tightness of (bound). First, since in I rivals
observe player i’s action only through their own signals, one might expect an even tighter
bound that uses X7 ¢ (s, a; p—;), which is weakly smaller than Xieﬂ“ to be valid. However, a
bound based solely on Xieﬁ(-; p—;) cannot be uniformly valid given the proof’s strategy. Even
if the marginal distribution of y_; does not depend at all on a;, and therefore rivals’ signals
say nothing about player ¢’s true action, player ¢ may still have an incentive to cooperate
because she only observes her rivals’ future behavior through her own signal. If player ¢
gains from coordinating her actions with rival players’ actions, then deviating can inhibit her
ability to coordinate in the future, which disciplines that deviation. The case in which that
is not true is exactly when player i’s deviation action and signal are sufficiently informative
of rivals’ signals, which is the condition of Proposition 1(ii).®

Second, SW23’s Theorems 2 and 3 demonstrate that their bound is tight in the low-
discounting low-monitoring double limit for public monitoring games satisfying particular
restrictions on the monitoring structure (pairwise identifiability or product structure moni-
toring). For such games, they prove that there exists a constant & > 0 such that cooperation
is possible if min, ;, x>" (s;,a)/(1 — 8) > k for all a, where x> (s;,a) denotes detectability
at the degenerate action distribution on a. Because this result provides a weakly tighter
bound—x?(+) < x> (-)—the same result applies for X7() as well. One may wonder whether
using X? implies that this result can be strengthened. However, because SW23 only prove
this for public monitoring games and public monitoring implies i-semipublic monitoring for
all 7, Corollary 1 applies and X? = Xf’T. This paper’s bound therefore achieves exactly the

same tightness as SW23’s in these cases.

8AK19’s bound uses the total variation distance of the rival-only signal distribution because they consider an
information-free deviation in which player ¢ plays an action a; for every future period, and thereby foregoes
any future payoffs from coordination. I discuss the relationship between my bound and AK19’s further in
Section 4.2.
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4.1 Checking for a strict inequality

Proposition 1 does not provide a full characterization of when X? < X?’T. Truth-telling could
be optimal, and hence X? = X?’T, for two reasons. The first is when there is nothing for ¢
to hide—either because a; = a; with high probability according to s;, or because a_;,y_; is
highly informative of a;,y;, the distribution of y; | y_;, a;,a_; is exactly the distribution of
Yi | y—i,a, and R(-) = 0 for the truthful manipulation. This case has a clean characterization
captured in condition (i) of Proposition 1. The second is when R(-) > 0 under truthful
manipulation—there is some loss—but no additional gains from manipulating the signal
distribution can be made because ¢ cannot correlate the report to rivals’ actions or signals.
This occurs when neither the information sets of ¢ nor the mediator dominate each other;
a_;,y_; does not perfectly predict, nor is perfectly predicted by, a;, y;.

While clean assumptions on primitives that guarantee strict suboptimality of truth-
telling are unavailable, it is still relatively straightforward to check whether truth-telling
is optimal, and hence whether X?(Sh a) = X?’T(si, «). Such a characterization is available
because the minimization in (6) is a convex problem: by Lemma 3, the objective is a
nonnegatively weighted sum of squared differences between the deviation and on-path
conditional distributions of i’s reported signal, the conditional distribution of the reported
signal is linear in ¢;, and the set of message manipulations is convex. Thus, first-order
conditions are necessary and sufficient for optimality, and truth-telling is globally optimal if
and only if the marginal benefit of shifting a small amount of weight away from the truth to
another signal realization is nonpositive.

Fix a recommended action a; and a played action a; that arise with positive probability
under (s;, @), as well as a message manipulation ¢;. Define the excess score of a report ¥;

given a received signal y; as

Sl — ala | a ply-—i | a)® _ 3 pWi | y-i,a;q) —pWi | y—i, a)
AG 0= 3 o a0 Tt o (PO BB ) o

where a(a_; | a;) is the conditional distribution of rivals’ recommendations given i’s, a =
(ai,a—;), p(yi | y—i,a;q;) is the conditional distribution of i’s report given rivals’ signals from
Lemma 3, and the dependence on (a;, @;, ¢;) is suppressed.” The final term in large parentheses
is the excess probability with which the manipulation produces report y; compared to on-path
play, conditional on rivals’ signals. This is summed over (a_;, y_;) with weights equal to their

conditional probability given (a;,y;), tilted by the same likelihood ratios that appear in the

9The excess score of a report that is jointly impossible with a rival signal realization receiving positive weight
in (20) is set to infinity.
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remainder term of Lemma 3. In other words, a report’s excess score measures how much the
manipulation overproduces it relative to on-path play, in the states of the world the received
signal indicates are likely.

The following proposition shows that g; is optimal if and only if any report with support
under ¢; minimizes A(- | y;) when it is computed with reference to ¢;. For the truth-telling
case, this reduces to an easily interpretable expression: truth-telling is optimal if and only if
the expected likelihood ratio of the mediator’s data—the deviator’s reported signal paired
with rivals’ true signals—is minimized by reporting the signal actually observed, where the
expectation is taken with respect to i’s beliefs over the actions and signals of —i given its
observed signal. Checking whether truth-telling is optimal therefore requires comparing |Y;|?

numbers for each combination of (a;, a;) with positive probability.

Proposition 2. x?(s;, q;,a;p) = K?(Siv «) if and only if for all (a;,a;) arising with positive

probability under (s;, ), y; € Vi, and 4; such that q;(y; | ai, a;,y;) > 0, we have
A@i | i) < A; | wi) (21)

for all §, € Y;, where A is computed with respect to (s;,qi, ). In particular, X?(si,a) =

X?’T(si, a) if and only if, for all such (a;,a;),

Z alas | ai)p(yi,y—s | @) <p(yiay—i | a) _ P(Yir Y—i |a)) <0 (22)

a—iY—i p(yi’ Y—i | a) p(ghy—z‘ | (L)

for all yi,y; € Y.

Proof. By Lemma 3, minimizing the detectability over g; is equivalent to minimizing R(-). The
components of ¢; at different (a;, a;) pairs are separate variables and are additively separable
in R; hence, the problem is separable across (a;, a;) pairs. Fix such a pair arising with positive
probability and write ¢;(yi | yi) for ¢i(y; | ai, a;, yi). Substituting p(y; | y—i, a;q:) = >, ¢:(¥i |
y:))p(yi | y—_i,a) into R, the problem at this pair is

>y G | y)p(i | y—iya) — p(ys | y—z‘aa))Q

min Z w(a, a;, (Yi, y—i)) ( p(Yi | y—i,a)

{Qi(~‘yi)}yie}7i Qs Uiy
s.t. %Y | yi) = 0 Vi, yi, Z%@z | i) =1 Vi,
Yi

where w is as in the proof of Proposition 1. Let ¢(y; | y;) be the multiplier on the corresponding
nonnegativity constraint and 7(y;) the multiplier on y;’s simplex constraint. Differentiating the

objective with respect to ¢;(y; | v;) vields 2a(a;)s;(a; | a;)A(y; | yi), where a(a;) =Y.,  ala)

a_;
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is the marginal probability of recommendation a;. Absorbing the positive constant into the

multipliers, the first-order condition is

A@i | vi) =@ | vi) +n(yi) =0, (23)

where ¥(y; | v;) > 0, and ¥(y; | vi) = 0 if ¢:(y; | vi) > 0. The objective is a convex
quadratic and the constraints are linear, so these conditions are necessary and sufficient
for a global minimum. If ¢; is optimal and ¢;(y; | ;) > 0, subtracting (23) evaluated at ¥,
from (23) evaluated at y; gives A(y; | vi) = AW, | vi) — 0¥ | vi) < A, | v;). Conversely,
if ¢i(y: | vi) > 0 implies that y; minimizes A(- | y;), then n(y;) = —ming A(y; | y:) and
V(i | vi) = My | yi) + n(y;) satisfy (23), nonnegativity, and complementary slackness, so ¢;
is optimal. This establishes the first claim.

For the second claim, the support of ¢/ (- | ;) is {5}, so by the first claim x? = bend
if and only if A(y; | vi) < A(w; | wi) for all ;,7; € Vi, with scores evaluated at ¢f. At
¢’ the reported conditional is p(g; | y_, @), so the term in parentheses in (20) becomes
p(Wi | y—i,a)/p(Y; | y—_i,a) — 1. The —1 enters both scores with identical weights and cancels
from the difference, while in the remaining term the weights and the conditional likelihood

ratio combine into joint distributions according to

ply_i | @)?

p(Wi | y—,a)
p(y—i | a) Pl v

N a>p(yz, i | a)
p(Wi | y—i,a)

= p(yi, y— -
p(Ui, y—i | a)

Thus,

Ay lyi) = A@i [ ) = Y alai | aq)plyi,y—i | @) (p(%?/—z :a) _ Py !5)> ,

M pi,y—i | a)  p(i,y—i | a)

and requiring this difference to be nonpositive for all y; and ¥; is (22). O

4.2 Comparison with AK19

This subsection uses the results derived in this section to compare AK19’s bounds with my
bound and with SW23’s bound. To state AK19’s bound, we need to introduce an alternative
measure of detectability. The total variation distance of rivals’ signals induced by a unilateral

deviation of player i to a; given an action profile a is

(a,a;) = Z|p —p(y-i | ai,a)|.
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Total variation distance is conceptually similar to y2-divergence: it measures the statistical
distance between two distributions. The two are related by several standard inequalities.
First, TV;(a,a;) < %\/m Second, if p(y | a) > e for alla € A and y € Y, then
TVi(a, @) > /3 (@, a;p_). "

AK19’s Proposition 4.1 states that any Nash equilibrium occupation measure « of I'

satisfies

max gi(Gi, &) < 7 |[ulleo maxTVi(a, a;) (24)
where ||u|o = sup;, |ui(a)|] and g;(a;, o) = >, a(a)(ui(a;, a—;) — ui(a)). This result holding
implies that « is an e-coarse correlated equilibrium of the stage game, with € equal to the
right-hand side of (24)."

This result is uniform in the sense that max; ,z, 7'Vi(a, a;) is a statistic of the monitoring
structure alone and not the putative equilibrium «. However, aspects of this uniformity that
are not exploited in AK19’s proof lead to several small tightenings that facilitate comparison
with Theorem 1. First, the constraint on player i’s gain requires only its own payoff bound
|ti]| o = max, |u;(a)| and the total variation of its own deviation, so the maxima over players
and deviations can be paired rather than separately maximized. Second, the maximum
of TV;(a,a;) over all action profiles can be replaced by its average under the equilibrium
distribution itself. Finally, we can use similar techniques to Theorem 1 to extend the total
variation distance under a delayed signal to an effective total variation distance T'V; .g(a, a;),
where

L—1

TViea(a,a;) = (1= 0)> 8TV (a,a@;) + 6" TV, (a,d@y),

=0

and TVig(a,'di) is the total variation distance between the distributions of rivals’ signals

through lag £, y=! | @ and y=! | @;,a_;. We can therefore rewrite the condition as follows:

10See, e.g., Polyanskiy and Wu (2025, Proposition 7.15 and Section 7.6).

IAn e-coarse correlated equilibrium is weaker than an e-correlated equilibrium, the static solution concept
implied by SW23 and Theorem 1, because it requires that the deviator use the same deviation a; for
every recommendation a;, rather than tailoring the deviation to the conditional rival action distribution
a(a—; | a;). In addition, AK19 state their result in payoff space—every Nash equilibrium payoff vector lies
in the set of e-coarse correlated equilibrium payoffs of the stage game—and with 62 in the numerator rather
than §, because they state the expected discounted payoffs from a path of payoffs (u,)f2, as (1—48) Y, 8'uy,
whereas SW23 and this paper use (1 —§) >, 6" 'u;. Equation (24) restates the statement established by
their proof in this paper’s conventions.

25



every Nash equilibrium occupation measure « satisfies

20
1—9

gi(ai, ) < i || oo Z ala)TV;es(a,a;)) Vi=1,...,N, a; € A;.  (bound-AK19)

a

The formal statement and proof of this claim are in Appendix A.3 (Theorem 2).

With (bound) and (bound-AK19) both stated per player and per deviation at a common
occupation measure, the two bounds can be compared directly. The first and most immediate
difference is that (bound) bounds the gain from any manipulation, including those in which
players deviate differently depending on what action they are “supposed” to play, while
AK19 only bounds the gain from a deviation to a fixed action. This aspect of (bound) is
strictly more general than (bound-AK19) and tends to matter more in games in which the
best deviation depends on rivals’ actions, but would matter less in games where each player
has a dominant action in the stage game such as a repeated prisoner’s dilemma.

However, the two bounds can be compared even when limiting to a fixed deviation.
Abusing notation slightly, let a; denote the constant action manipulation in which a; is played
with probability 1 regardless of a;, and let pyin = min,e 4 ey p(y | @) > 0, where the inequality
is by the full-support assumption. Applying TV;(a,a;) € %\/m X [\/zm, 1}, where
k x [a,b] = [ak,bk], to (bound-AK19) lag-by-lag and averaging over «, the ratio of the
right-hand sides of (bound-AK19) to (bound) for a fixed i, a, and @; is within

L ~
J @il oo " > ala) ooy wey/ 33 (@i, a; p=;)

1-946 . ~
Vi(a) Xieﬂ(a,, a)

X [V/Pin: 1], (25)

where wy; = (1 — 0)6° if £ < L and w, = 6%. (bound) is tighter than (bound-AK19) if this
ratio is greater than 1.

Each factor multiplying [\/Pmin, 1] in (25) isolates one structural difference between the
bounds. The first reflects the rates at which discounting enters the two proofs: (bound-AK19)
scales with /(1 — §), while (bound) scales with its square root. This component is greater
than 1 (hence points towards (bound) being tighter) whenever 6 > 0.5, and increases with ¢,
meaning (bound) becomes relatively tighter for more patient players. The second factor is at
least 1; the standard deviation of u;(a) under « is at most (sup u; — inf u;) /2, which is at most
||tti]|so- This is reflective of (bound) bounding punishment with the on-path variance of payoffs,
while (bound-AK19) bounds punishment with the largest possible change to payoffs, which is

looser. Finally, Proposition 5—the delayed-signal counterpart to Proposition 1-—along with

Jensen’s inequality, which implies that the numerator is at most \/ XZ o (@i, o p—;), shows

that the third term is at most 1. This is what (bound-AK19) gains from using a memory-free
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deviation that plays a; forever, and hence does not attempt to recorrelate future actions
with rivals’ actions, as opposed to a one-period deviation to a; that then plays as though
it is on path afterwards. However, the third term becomes closer to 1 if the conditions of

Proposition 1(ii) are met, and hence x?(a;, @; p—;) = x*

%)

(a;, ). This enables characterization

of uniform circumstances in which (bound) is tighter than (bound-AK19).

Proposition 3. Suppose that the conditions of Proposition 5(ii)—the delayed-signal counter-
part to Proposition 1(ii)—hold for every i, a, and @;, and that TV "(a,@;) = TV S5(d, @) =
0 = w;(a) = uy(a) for alli, a, a’, and ;. Then there exists & < 1 such that if § > 6, every
a satisfying (bound) satisfies (bound-AK19).

Proof. See Appendix A .4. O

Proposition 3 states that for games in which message manipulation can attain the floor and
where there does not exist a fully undetectable deviation that has different payoffs for the same
deviation, (bound) is uniformly tighter than (bound-AK19) for a sufficiently high discount
factor.'” Under i-semipublic monitoring, the result holds for (bound-SW23) in addition to
(bound). However, in games in which players cannot fully match the on-path signal structure
with a deviation, the wedge between Xf’T and X? precludes a uniform statement ordering
(bound-SW23) and (bound-AK19).

There is no converse result—conditions under which (bound-AK19) implies (bound)
uniformly—for two reasons. First, (bound) uses V;(«), which approaches zero as « con-
centrates, instead of ||u;||o, which does not depend on a. Hence, a degenerate « forces
the right-hand side of (bound) to zero while that of (bound-AK19) is generally bounded
away from zero whenever actions have positive detectability. Second, (bound-AK19) only
constrains constant-action deviations, while (bound) constrains all deviations. At equal ¢,
the e-correlated equilibrium constraints are a superset of the e-coarse correlated ones, so

(bound) can restrict the equilibrium set more even when its ¢ is larger.

2The condition TV, ~"(a,ad;) = TVS"(d/,@;) =0 = w,(a) = ui(a’) is needed because otherwise, there
would exist an action distribution that places positive weight on a and a’ only with strictly positive payoff
variance. Then, placing an infinitesimal amount of weight p on a detectable profile causes (bound) to
increase by O(,/1t), since it averages the detectability within a square root, but (bound-AK19) to increase
by O(u), which is smaller. Thus, such an action distribution can satisfy (bound) without satisfying
(bound-AK19). Conversely, if the condition holds, then this profile would have variance approximately
equal to zero and /V;(«) would grow at rate O(,/), so the right-hand side of (bound) as a whole also
increases at rate O(u).
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5 Application: the effect of information sharing

Using the results above, I study the limits of collusion in a repeated oligopoly, and the extent
to which firms sharing information, or learning about demand ex post, affects these limits.
N symmetric firms compete by setting prices p; < p in each period. Given prices, firm i’s

sales are log-normally distributed, with log sales

vi=A=bipi+b Y pj+m,
JFi
where by, by > 0 and (n;)Y, ~ N(0,3), where ¥ has unit diagonal elements and off-diagonal
elements of p.'* This structure implies that the vector of log sales x | p ~ N (1u(p), ), where
p = (p;)X, is the vector of prices and p;(p) = A — byp; + bo > jziDj- Lassume p € (—5, 1),
which guarantees that ¥ is positive definite. Firms have constant marginal costs ¢ > 0.
Firms attempt to maximize the discounted sum of their expected flow profits. Under these

assumptions, expected flow profits conditional on p are

1
mi(p) = E[(pi — ¢)exp(z;) | p] = (ps — ¢) exp (5 + A —bipi + by ij> . (26)
i
Below, I evaluate all flow profits in expectation, and hence drop the word “expected.” I also
assume that firms face a participation constraint that p; > ¢ for all i. Let 8 = by — (N — 1)bs,

and maintain throughout this section the following assumption:
Assumption 1. (i) by > 2(N — 1)by and (11) p € (c+1/8,¢+2/by].

Condition (i) ensures that profits have an interior maximum whenever all firms set the same
price, while condition (ii) ensures that profits are concave in own price over [¢, p| while being
above the joint profit-maximizing prices derived below.

Let 7(p) (without a subscript) be a firm’s profits whenever all firms set the same price p,

13While the results of Sections 3 and 4 are presented with finite action and signal spaces, they all go through
with infinite action and signal spaces as long as (6) has a well-defined solution, which it does throughout
this section.
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and 1et ) and a; ®) he the derivatives of flow profits at p = (p,...,p),

'Pown rival

") = e (54~ 50).

L) — exp (4= ) (1= tlp . o
or(p) _
ODeival b (p).

The symmetric Nash price p™v sets 3 (p ) to zero, while the symmetric monopolist price p™
sets aﬂ(p ) 4 (N—-1) g;r( 2) {0 zero. Solvmg for both yields the familiar log-linear markups 1/b;
and 1/0:

—1)b
pN:C‘F%, WN:%eXp<A—ﬁC—(%—(]Vb—11)2>)7 (28)
pM:c+%, WM:%GXI)(A—ﬁC—%). (29)

Our goal is to characterize the set of distributions over prices that satisfies (bound), and
how that set changes given different assumptions about firms’ signals. We consider three
environments. First, and most minimally, firms only observe their own sales: y; = ;. Second,
firms enter into an information exchange through which they ascertain the entire vector of
sales: y; = (:zc]~)§\[:1.14 Third, firms observe their own sales contemporaneously, and a market
research firm publicly publishes an unbiased signal z = 7 + ¢, of the average demand shock
n=N"! 21 1 i, where e, ~ N(0,02), with a delay of L periods.

The first step in the analysis is to use the tools from Section 4 to characterize whether,

and how much, firms can reduce detectability of a deviation through message manipulation.

Lemma 4. Fix «, i, and s; such that there exists p € supp a and p; € supp s;(- | p;) where
pi # pi- All expectations below are taken over p ~ « and p; ~ s;(- | p;)-
(a) If firms only observe their own sales," then x? (s, a;p_;) = K?,eff<si’ a) < Xi’e:%(s,», a),
and detectability s
XN (si,0) = E [exp ((pi — pi)° k)] — 1, (30)

where k > 0 is the squared mean shift in x_; per unit of (p; — p;), normalized by the

14T note that for single-product firms, this is identical to firms observing total quantities X = > ;€7 as then

each firm’s rivals observe (X, (x;);»;) and z; can be backed out as log (X — D e%').

15As detectability is invariant to bijective transformations, it is sufficient to consider signals as being of log
sales, and I refer to sales and log sales interchangeably here and below.
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muerse covariance matrix.

2

(b) If firms observe the full vector of sales, then x7.q(si, ; p_;) = Xz‘,eﬂ(si’ a) = Xi’g;f(s,;, a),

exp ((pi —pi) (/-c + 5}))] -1, (31)

where A > 0 is the conditional mean shift in x; given x_;, p per unit of (p; — p;), and
2

i|—i

and detectability is

X?ﬁf(si, a)=E

o:_. 1is the conditional variance of x; | x_;, p.

(c) If firms observe their own sales plus the signal z with a delay of L periods, then
Xieﬁ(si, a;p_;) < X?eﬁ(si’ a) < X?,’E)Tff(si, «), where the first inequality holds with equality
if and only if L =0, and detectability is

exp ((Pi —pi)? </~i + G ﬁ;‘(p@,@)) ))]
" . (32)
exp ((pi — )’ (ﬁz - _fQ' (‘pi’p’)) ))] -1,

where K, > 0 is the normalized squared mean shift in x_; per unit of (p; — p;) conditional

P (si,0) = (1= 6")E

+6'E

on z, A, € (0,A) is the conditional mean shift in x; given x_;,p, z per unit of (p; — D;),
a?‘_m is the conditional variance of x; | x_;,p, z, and A*(p;,p;) € [A,, A] minimizes
(32) for each (pi, ;).

The precise definition of all variables and derivation of these formulas are in Appendix
A.5. They have the following intuition. Using the chain rule for y2-divergences (alternatively,
Lemma 3), we can rewrite the detectabilities using the detectability from x_; alone, and
x; conditional on x_;. Due to the linear-Gaussian demand structure, price deviations only
affect expected log sales without affecting their variance. In case (a), a message manipulation
that “de-biases” this mean shift attains the rivals-only detectability floor.' Case (b) is
public monitoring, so Corollary 1 applies, and the detectability is that of the full sales
vector. Finally, in case (c¢), the deviator can condition its report on the public signal and still
reduce the detectability of its own signal to zero when L = 0. However, when L > 0, the
deviator cannot simultaneously zero out the pre-signal and post-signal detectability. Using
the sufficient condition of Proposition 2, we show that a deterministic manipulation that
reports T; = x; — A*(p;, pi)(pi — pi), where the per-unit recentering A*(p;, p;) is chosen to
balance the pre-signal and post-signal detectability appropriately, is globally optimal.

60ne can also show this by rewriting the signals so that Corollary 1(ii) is satisfied.
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With these formulas, we can directly characterize the set of «a satisfying (bound). Define

firm 4’s interim profits as the expected profits from setting price p; when firm 7 is recommended

price p;,
pz] 9

~ _ _ 1 ~
(D | piy ) = Eq [mi(pi, p—i) | i) = (pi — ¢) exp (5 +A— blpi) Eq

exp <b22£:1y>

JF

and the interim profit slope as the derivative of interim profits, evaluated at p; = p;,

0 -
Di(pi; Oé) = a—pAEa [Wi(piap—i) \ pi]

1
— (1= by(ps — ) exp (5 +A- blpz-) E,

Pi=Dpi

exp <b2§£:15>

JFi

pi] : (33)

The interim profit slope is the marginal expected gain from an infinitesimal price deviation
given one’s own recommendation. Due to the log-linear structure, interim profits factor
multiplicatively and are concave in p; for every a. This implies that a necessary and sufficient
condition for a deviation to be profitable (in the sense of the bound) is that an infinitesimal
deviation in the same direction is also profitable. We can therefore prove that (bound)
collapses to a single moment condition relating the gain from an infinitesimal deviation to

the change to detectability implied by that deviation.

Proposition 4. Under each monitoring structure o € {NS,S,z(L)} (no sharing, sharing
sales, and public demand signal with lag L respectively), there exists a monitoring constant

K, such that any distribution « satisfies (bound) if and only if, for every i,

KyVi(a), (34)

J
. -t 2 —
E., [Di(piia)’] < 7=

where «; is the marginal of p; over a and the monitoring constants satisfy Kys = /K,

Kg=\/k+A%/o} ., and

Kz(L) = \/(1 — 5L)I<u' + 0Lk, +

SL(1— 0L)(A — A2
(1—oL)o?_, . +ota?

i|—i,z

Proof. See Appendix A.6. n

The limits of collusion under a particular monitoring structure thereby boil down to a
single constant, K,. The constant has several interpretations. Perhaps the most intuitive

is that it is the smallest possible change to the mean signal distribution—in Mahalanobis
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distance—per unit of price deviation. It can also be interpreted as the Fisher information
transmitted by the signal. For a Gaussian mean-shift family, the y2-divergence implied by
a mean shift of & is exp(h?/c?) — 1, where 1/0? is the Fisher information, while here, the
detectability of a price shift of Ap is exp(Ap?K?) — 1 (exactly so under NS and S; under
2(L), a 6*-mixture of two such terms).'”

The particular functional form of (34) also enables direct comparison of different monitoring
structures. Because K2 multiplies §/(1—4), the effect of moving from one monitoring structure

to another is isomorphic to the effect of changing firms’ discount factors.

Corollary 2. The following are equivalent:
(i) « satisfies (bound) under no information sharing at discount factor d.

(i1) « satisfies (bound) under monitoring structure o and discount factor 6, solving

s K2 4,
1-6 K3q 1-96,

For example, suppose by = 9by, p = 0.6, N =5, and 6 = 0.9 (so §/(1 — ) = 9). These
parameters imply that K2/K% ¢ ~ 141. Therefore, the effect of information sharing on the
set of distributions satisfying (bound) is the same as the effect of increasing 6/(1 — §) to
approximately 1269, and hence d to approximately 0.9992.

This direct comparison admits a clean ordering between the cases: throughout the
parameter space, we have Kyg < K,y < Kg. The first inequality is clear from visual
inspection of Kyg and K,(z), along with the fact that x, > k. As 02 — oo, K, approaches &,
while as L — oo or § — 0, 6% approaches zero; in either case, K1) approaches Kyg in the

limit. As for the second inequality, direct computation gives that K¢ > K1) if and only if

p(N — 1)by (N = 1Dba(1 + p(N —1))
ler1+p(N—2)> 1+ p(N —2)

\/ 6L(1— p)(1+ p(N — 1))

X

N262(1 4 p(N = 2)) + (1 = p)(1 + p(N = 1))

The term inside the square root is at most one, so a sufficient condition is that the left-hand
side is greater than the first term on the right-hand side. This collapses to by > (N — 1)bs,
which is guaranteed by Assumption 1. When b; is high enough that own-price effects always
dominate cross-price effects, knowing a firm’s sales always provides more information about
that firm’s price than knowing aggregate demand conditions, conditional on knowing rivals’

sales.

1"For a signal structure with lags, K, can be interpreted as the smallest possible weighted average of the
Fisher information of the signals using the same weights as effective detectability.
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5.1 Comparative statics

This subsection studies the comparative statics of primitives on two types of quantities.
First, we may be interested in how primitives affect the set of equilibria within monitoring
structure o. Proposition 4 shows that this is isomorphic to studying the partial derivative of
the monitoring constant K, with respect to primitives. Second, we may be interested in how
primitives affect the impact of moving from monitoring structure o to monitoring structure
o'. Corollary 2 shows that this is isomorphic to studying the partial derivative of the ratio of

the two monitoring constants, R, , = K, /K,, with respect to primitives.

No information sharing. K¢ is unaffected by the own-price semi-elasticity b, as changes
to by do not affect the extent to which rivals can detect deviations using only their sales. It
is increasing in by, the cross-price semi-elasticity, for the complementary reason: it directly
affects the extent to which price changes are reflected in rivals’ sales. It is weakly decreasing in
p (strictly if N > 2, and exactly zero if N = 2) and increasing in N because the main inference
problem is disentangling price deviations from demand shocks. With highly correlated demand,
or with relatively few firms, a shock that reduces all firms’ sales by as much as a rivals’
price deviation is relatively plausible, and becomes less plausible as demand becomes more

uncorrelated and as the number of firms increases.

Sharing sales. Kjg is clearly increasing in by, and is also increasing in N for similar reasons
to Kyg. However, perhaps surprisingly, it is not monotone in by or p: the signs of 0K g/0bs
and 0Kg/0p are the same as the sign of pb; + by. Thus, along both metrics, detectability is
minimized when pb; +bs = 0, and increases if p or b, change in either direction from this point.
To understand the intuition for why, consider that a one-unit price cut for firm ¢ increases
firm ¢’s sales by b; and decreases all other firms’ sales by by, while if firm 4’s sales increase by
b; at the recommended price, then the conditional mean of rivals’ sales is decreased by b,
exactly when p = —by/by. Therefore, the change to sales from a price deviation and a change
to sales from a demand shock “look like” one another, minimizing detectability.

We next analyze the effect of information sharing, Rygg. This object is increasing in b,
and decreasing in by, so industries with greater own-price elasticities and lesser cross-price
elasticities stand to gain more from information sharing. Ryg g is, however, ambiguous in p

and N. In p, there again exists a pjyg g such that sign 9Ryss/0p = sign p — pyg g, Where

. bi(N — 2) + 2by(N — 1)
PNS,s = Cb((N=12+1)+by(N-1)(N —2)

Pis.s is weakly lower than —by /by, the local minimum of K (strictly if N > 2), but greater

than —1/(IN —1). Sharing is at its most valuable when full sales vectors are nearly degenerate
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conditional on prices—p | —1/(IN — 1) or p T 1I—and hence a deviation can be perfectly
detected from rivals’ sales alone. When errors are approximately independent, adding a
deviator’s sales does not add much more information about whether they deviated on top of
adding its rivals’ sales.

Lagged demand signal. K, is increasing in by and invariant to b; for similar reasons

2

Z, as a less informative signal provides less information, and

as Kyg. It is decreasing in o
in L, as a later-arriving signal provides less deterring power. Meanwhile, the comparative
statics with respect to p are governed by the effective noise of the signal—the ratio o2/§~.
This quantity reflects the fact that reductions in signal delay are isomorphic to increases in
the precision of the signal in the magnitude of K,1).'® If the effective noise of the signal is
less than 1/(N — 2), then K.z, reaches a minimum in p whenever “"5-12 — (N — 2)52 /6",
Here, the left-hand side is the variance of 77, while the right-hand side is effective noise level
of the signal, adjusted by the market size (where a higher market size reduces noise in 7);
when these two forces are equated, the demand signal adds the least possible amount of
information. If p increases, then the underlying noise in demand increases and the signal
becomes relatively more informative, while if p decreases, then learning about 77 provides less
information about deviations regardless. If N = 2 then K is always increasing in p, as the
latter channel is not present with only one rival, while if 02/6% > 1/(N — 2), then K,(;) is
always decreasing in p, as higher correlation makes a deviation harder to distinguish from a
common shock.

Finally, we characterize the comparative statics of Ryg .(z). This quantity is independent
of by and by and, perhaps obviously, is decreasing in 02 and L. It is, however, increasing in p,
even as K (r) is nonmonotone in p: as shocks become more positively correlated, aggregate
demand becomes increasingly important, while rivals’ sales become more redundant as
separate signals. Finally, Ryg .(z) is ambiguous in N. Adding competitors directly improves
no-sharing monitoring while also raising the effective precision of the aggregate demand signal.
Which force dominates depends on the correlation of demand and the effective noise of the
signal.

Overall, there are several predictions from these comparative statics. First, without

observing rivals’ sales, collusion is least feasible in industries with highly correlated demand

and low cross-price elasticities. Sharing verified sales information is most valuable in settings

'®To see this, note that by substituting primitives into K7y we can rewrite it as

No2/st + (N —1)p+1
N2(1+ (N —2)p)02/8F + (1 - p)(1 + (N — 1)p)

K2y =b3(N-1)N

where 02, §, and L enter only as the ratio o2 /5%.
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where firms face relatively elastic demand, relatively differentiated products, and relatively
correlated demand shocks, of either sign—when shocks are roughly independent, rivals’ sales
already reveal most of what the deviator’s own sales would add. Finally, signals of aggregate
demand are most valuable in facilitating outcomes above what can be sustained without
information sharing when demand is correlated. These predict that information exchanges
may take different forms in industries with different underlying fundamentals. Industries with
correlated demand may find that public demand information suffices to facilitate collusion
while being relatively less risky in a legal sense, while industries with relatively uncorrelated
demand may find that only sharing direct sales information provides sufficient monitoring

power to facilitate collusion.

6 Conclusion

This article studies bounds on outcomes in repeated games with arbitrary monitoring
structures. It sharpens the result of Sugaya and Wolitzky (2023) in settings with private
information, which is arguably the case of interest when studying private monitoring games.
It also extends their result to settings in which the signal is revealed over multiple future
periods. It demonstrates necessary and sufficient conditions for this result to constitute
a strict tightening over their result and shows that this result provides a tighter bound
than that of Awaya and Krishna (2019) in the patient limit—a result that is generically
unavailable using the original bound of Sugaya and Wolitzky (2023). Finally, using these
results, it studies the limits of collusion in a repeated oligopoly. It demonstrates that the
set of equilibria can be boiled down to a single statistic—the monitoring constant—which
reflects the rate at which signal distributions are changed per unit of price change, and can
be traded off one-for-one with discounting. Comparative statics of this object, and those of
its ratio across monitoring structures, provide testable implications for how the structure of
information exchanges relates to primitives.

Ultimately, these results—and the literature they contribute to—provide new methods
of studying outcomes in repeated games with private monitoring. While such games are
economically important, outcomes of these games are known to be far more difficult to predict
using standard equilibrium analysis than those of games with complete information or public
monitoring structures. These bounds provide a credible way of studying private monitoring

games, even when the exact set of equilibria cannot be characterized.
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A Additional results and proofs

A.1 Results of Section 4 with delayed signals

Propositions 5 and 6 extend Propositions 1 and 2 to the delayed-signal case. The extension
of Proposition 1 is relatively straightforward, although it is worth noting that unlike the
no-delay case, the distribution of yig | a;,a_;, yff Blackwell-dominating the distribution of
y="| @i, a_;, y=! for all £ is, by itself, insufficient for Xieﬁ = Xie(s;P—i); a slightly stronger
condition is needed, because we in addition require that the garbling kernels at different
values of ¢ comprise one internally consistent message manipulation, such that marginalizing
qiSZ over J¢ recovers qig_l. Intuitively, since the mediator remembers the past reports, the
deviator not only needs to perfectly replicate the distributions of y¢ and yf’l, but also needs
to have the latter message manipulation be consistent with the former.

As for Proposition 2, two features of the delayed-signal case require care. First, the objects
entering effective detectability are the cumulative kernels qz-g7 which share the underlying
level kernels across levels; the relevant convexity is in the cumulative kernels themselves, and
it holds because randomizing once, before the first report, over which of two manipulations
to follow mixes every cumulative kernel linearly. Second, because the level-¢ excess score
attaches to the entire report path through lag ¢, the optimal report at a given lag must weigh
not only its contemporaneous score but also the scores of the report paths it makes reachable
at later lags. The optimality condition therefore takes the form of a variational inequality—
equivalently, of truth-telling solving a dynamic program—rather than a report-by-report
support condition. For £ < L, let w, = (1 — 6)d%, and let w; = 0%, so that the w, are the
weights in (4).

Proposition 5. Let Y_Sf be the set of possible realizations of yff fromY and, for a given

<€(~<€

manipulation q;, let ¢ (g | ai,ﬁi,yzﬂ) = Hi/:a qf/(ﬂf/ | ai,ai,y?, ... ,yf/, ... ,ﬂf/_l). For

all o and s;,

et (56,05 p-1) < X7 p(s0,0) < Xiagr (865 ). (36)

In addition,
i) X2oq(8i,05p_i) = Xz’T si, ) —and hence both are equal to x* _(s;,a)—if and only i
i,eff i,eff 24.eff
for all a € suppa, a; € supps;(- | a;), £ =0,...,L, and yff € Yff, p(yig | a,yff) =
<l |~ <ty.
Py | aias,y=;);
(i1) X?eﬂ(si, @) = X7 (8i, a; p—i) if and only if there exists a message manipulation g; such

that for all a € suppa, a; € supp s;(- | a;), £ =0,...,L, and yff € S_/ff, (- | a,yff) is
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a garbling of p(- | a;,a_;, yff) with ¢; as the Markov kernel; that is,

P | a,y5 qu @ | ai s,y ) pys | G0, ys).

Proof. Effective detectability (4) is a sum with strictly positive weights over cumulative levels
¢ =0,...,L of the detectabilities x?(s;, qff, a; p=t), and Lemma 3 applies at each level with
(T=5,y=5) in place of (7, y—;). Thus, level-¢ detectability can be decomposed into a rivals-only
term plus a nonnegative remainder R that depends on ¢; only through qig. Summing
across levels with the weights delivers the first inequality in (36), with Xieﬁ(si, a;p_;) the
corresponding weighted combination of the rivals-only terms. The second inequality is
immediate from the definition of Xieﬂ (6).

Because the weights are positive, a manipulation attains the lower bound if and only
if RS = 0 for all £. For (i), the argument of Proposition 1(i) applied at each level shows
that the truthful manipulation satisfies R<¢ = 0 for all / if and only if the stated condition
holds at every level. For (ii), if the stated manipulation exists, using it sets R<f = 0 for all ¢,
attaining the lower bound. Conversely, if the lower bound is attained, it is attained by some
manipulation ¢;; RS = 0 at every level then states precisely that the cumulative kernels of

this ¢; satisfy the garbling condition, so the minimizer itself is the required manipulation. [J

Proposition 6. Xieff(si,qi,a) = Xfeﬁ(si,a) if and only if, for every (a;,a;) arising with

positive probability under (s;, &) and every message manipulation g,

Zwe S (@G ) G D) A G ) 0, (37)

<t ~<¢

i 94

where A=Y, the lag-¢ excess score, is defined as

<l | ~\2 ~</ </
p\y—, | a ~ y@_ Y- z?a‘ Qz — P | Y=;,a
A ) = 3 afas a2 LD ey e g ( Pl | ) PG| )) |

7 7 <f 7 —1)
e p(y=; | a) P | y=a)
with p(:* | y=),aq:) = 2= ¢ (07" | @i, @i,y )p(ys [ y=7,a). In particular, x*  (si, @) =
7 —17 ) 42 y; 7 7 1y Yy I 7 —1) M ) —i,eff 19
X?’GTH(SZ-, «) if and only if, with scores evaluated at ¢, the truthful reporting policy minimizes

Do wedo, <t gt =G  yEHASGE | 4= over message manipulations .

Proof. Fix a pair (a;, a;) arising with positive probability; as in the proof of Proposition 2,
the problem separates across such pairs. By Lemma 3 applied at each level, minimizing

effective detectability over ¢; is equivalent to minimizing >, w,R=‘, and R=* depends on
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the manipulation only through the cumulative kernel qig, in which it is a convex quadratic:
the cumulative reported conditional is linear in qg The set of attainable cumulative kernel
sequences (¢= ) ‘o is convex. To see this, given manipulations ¢;, ¢; and A € [0, 1], define

C = A"+ (1 = N)g=" and level kernels ¢’ = m=!/m=‘"1 (defined arbitrarily when
the denominator vanishes). Each such kernel’s rows sum to one because marginalizing a
cumulative kernel over ¢ recovers its predecessor, and the cumulative kernels of ¢/ equal
exactly m= at each ¢, including along zero-probability report paths. The objective is therefore
convex on a convex set, and ¢; is a global minimizer if and only if no feasible direction has
a strictly negative directional derivative. Differentiating R<‘ with respect to the entries of
q?g yvields 2cv(a;)s;(a; | a;)ASY, exactly as in the proof of Proposition 2 with paths in place of
signals and reports; absorbing the positive constant and summing across levels, the directional
derivative toward ¢, is proportional to the left side of (37), which gives the first claim.

For the second claim, evaluate (37) at ¢; = ¢/ . Since the ¢/ term is a constant, the

condition states that ¢/ minimizes the linear functional ¢, — >, w; Y ¢ SISt

over message
manipulations. This minimization is a finite-horizon dynamic program with the stated flow
costs, solvable by backward induction over report histories. When L = 0 there is a single level
and the program reduces to minimizing A(- | y;) separately at each received signal, recovering

Proposition 2. ]

A.2 Proof of Lemma 3

Fix a recommended action profile a and a manipulated action profile @ = (a;,a_;). For brevity,
write p(y) = p(y | a) and p(y) = p(y | a; ¢;) for the on-path and manipulated distributions
of the report profile ¥ = (7;,y-;). Recall that for any two distributions P(z) and Q(z),

1+ x%(Q|P) = >, Q(x)?/P(x). Therefore,
1+ Zp 7) ( 2'77 > ZP @2
ply pi | y—i

Z Z p(¥i | y—i

~~ ~ 2
p(y—i?2 AT (p(yi | Z/—i~) —p(¥i | y—i)>
7

“—~ p(y-i) P(Wi | y—i)
_ \(Ply-i) = ply-0) \*
1+ ;Myﬂ) ( p(y—i) ) "
ply—i)? (P y=i) = pGi L y-i)\?
2 gy 2 =0 ()
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Subtracting 1 from both sides and taking expectations against a and s; yields the result. [

A.3 Extending AK19 to delayed signals

This appendix states and proves the tightened form of AK19’s bound given in Section 4.2,
extended to delayed monitoring structures.

For probability distributions P and () on a common finite set, write [|[P — Q|lrv =
3. |P(z) — Q(z)| for their total variation distance. For ¢ € {0,...,L}, let =i ] a)
denote the marginal distribution of p(- | a) over rivals’ signal components through lag ¢,
y=t = (y*,)%_,. Extending the notation of Section 4.2, define the cumulative footprint of a
deviation on rivals’ signals, and its average under a distribution o € A(A), as

TV (0, ) = [p=i( | @) = p=i(- | @i, a-)

TV (@, ) =Y ala) TV, (a,a).

a

TV

The effective total variation distance induced by deviation a; against « is the discounted
combination of cumulative distances
L—1
TVienr (@ 00) = (1= 6) Y 8" TV (G, ) + 6" TV (@, ), (38)
=0
which has the same form as the effective detectability (4). When £ = {0}, TV, g (@i, @) =
Yoaola)TVi(a,a;).
Theorem 2. Every Nash equilibrium occupation measure o of I satisfies, for each player i

and action a; € A;,

gi(a;, a) < |tilloo TV et (@i, @), (39)

)
1—90
and is thus a static e-coarse correlated equilibrium action distribution for

) ~
£ = max —6Huil|ooT‘/;,eff(ai; ).

Proof. We start with some notation. A history for player i at the end of period ¢ collects
everything the player has observed through period ¢,
t

t ¢ min{¢'—1,L}
hi = (ai,t’v (yz‘,t/—é)e:o vy
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A rivals’ history collects the histories of all players except for i, h' ; = (hg»)#i. Strategies
oi(- | hl) are distributions over actions a;; € A;, and rivals’ period-(¢ + 1) actions are drawn
from o_;(- | hL;) = [[;4 05 | h}). Under a strategy profile ¢ = (0;)ier, let a; be the
equilibrium distribution of period-¢ actions, and let o = (1 —d) Y_, ' ' be the equilibrium
occupation measure. Finally, for a given player ¢, let o; denote the permanent deviation that
plays @; in every period after every history, and let u*; and ji* , denote the distributions of

h', under o and under (;,0_;) respectively.

Lemma 5. For every strategy profile o, player i, action a;, and period t > 1,

t
it = ity < DTV G ag).

t'=1

Proof. For t' =0,1,...,t, let 3 denote the hybrid strategy profile in which player i follows
o; in periods 1,...,t" and plays a; thereafter, while players —i follow o_; throughout. Let
7!, denote the distribution of h' ; under &*. Then 7*, = u!, and 7°, = fi* ;. By the triangle

inequality,

t
~t t t'—1 t!
Hu—i_:u—i”TV < E :‘ Ty — T

t'=1

(40)

TV

Fix ¢ > 1. Conditional on a history, the hybrids "~ and " prescribe identical play in
every period except period t’: both follow o exactly through period ' — 1; in period t’, player
i draws its action from o; under &' but plays @; under ¢~ !; and in periods t' + 1,....t,
player i plays the constant a; under both, regardless of history.

To turn potentially random mixed actions and signals into deterministic functions, we
construct the random variables generating this randomness on a common probability space
explicitly. Let (Uf,)jerr>1 and (UY);>1 be mutually independent random variables each
distributed uniformly on [0, 1]. We interpret Uy, as player j’s period-7 action seed, and UY
as the common period-7 signal seed. Letting >; be the CDF of players’ strategies o;, and P
the CDF of p, define functions (ff,)jerr>1 and (f¥);>1 as

i (hG 7 US)
fiar, UY)

—1 a T—1
Ej (Uj,‘r ’ hj )7
P~YUY | a,).

Given that U7 and UY are uniformly distributed, these constructions guarantee that
o (k1 Ug,) is distributed according to oj(- | A ") and f¥(a,, UY) is distributed ac-

T

cording to p(- | a;). Given a realized set of seeds U = ((U}.,)jer, U¥)7>1, define action and
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signal realizations under a hybrid strategy profile as follows: in each period 7, every player j
prescribed to follow o; plays a;, = ﬁT(h;’l, Uf,), while player i plays @; in the periods so
prescribed, and the period-7 signal profile is y, = f¥(a,, UY).

T

t'—1

Let U = U \ {U}/}, and condition on a realization of U. Consider play under 5 ~! and

under &', and see the following three facts. First, play through period ¢ — 1 coincides

t'—1

under o, ', and &"; the strategies and draws of U are the exact same, meaning the

action and signal realizations are the exact same. Rivals’ period-t’ actions are therefore the
exact same, a;y = f7 t,(ht -1 ,U#,,), under all three of o, a"~1 and ", and thus the on-path

. . . . ~4! .
ay = (Qip,a_;yp) is U-measurable and distributed according to ay under o', while under

~pl_ . .. . ~pl_ ! .
o' a_;p is distributed according to a_; ¢ as well. Second, under both ¢! and o*, A’ is

a deterministic function of (U (v, t,)znzig{t_t/’L}), where the latter term is the components of
the period-t’ signal that rivals observe by period ¢t. To see this, note that the two strategy
profiles are identical after period ', and conditional on (y* Lt,)f:ig{t*t/’” and U the actions in
period ' +1 are the same, and therefore the signals in period ¢’ + 1 are the same; continuing by

induction through period ¢ yields the claim." Third, because U} is uniform and independent

<m1n{t t’ L}(

of U, the conditional distribution of ( ”,)anig{t*t/’” given U is p=; | ay) under %

and p%;’mn{t t',\L} -1

(- | @,a_; ) under o*

Total variation distance is convex, and therefore Jensen’s inequality implies that the total
variation distance is at most the expected total variation distance between two conditional
distributions, where the expectation is taken over the common conditioning variable. We

therefore have

], <mffen o),
w5t —at| <Bo ot 1T - 1T
< E* H <min{t—t',L} Nz’, ) — SI‘niH{t—t’,L} . , ’ i|
—1 ( |(l t) p_l ( |at) v
= ana, H Sl{nin{t—tQL} . ~i’ ) Smin{t—t’,L} ‘ H }
o= C N ) = SRR

. EaNa |:Tv<m1n{t t L}<G al)] Tv<m1n{t t L}(a@,&t/)

where the second inequality is by the second and third facts—pushing the conditional

<min{t—t',L} through a common deterministic function weakly decreases total

distributions of y=;
variation distance by the data-processing inequality—and the first equality is by the first fact.

Substituting into (40) completes the proof. O

Fix a Nash equilibrium o of I, 7, and a;. Following AK19, let _; denote the nonresponsive

9Note that the total variation distance between 7{[1 and 7', both distributions over h* ;,—does not depend
on y; ¢ because under both strategies player 4 plays a; regardless of histories, and does not depend on yt it
for £ >t — t’ because such signals are not observed by the end of period ¢.
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strategy for players —i that plays the on-path marginal a_;; € A(A_;) in period ¢ after every
history, and decompose the value of the permanent deviation as (Awaya and Krishna, 2019,

equation (5))

v (05, 0-;) —vi(0) = 3%‘(51', o) — Ui(5i76—iz+z}i(5ia5—i) — Uz‘(UZ, (41)
loss from ;mishment gain When\;npunished

where v;(+) denotes player i’s normalized discounted expected payoff. Because o is a Nash
equilibrium, the left-hand side is nonpositive.

The gain when unpunished is the static gain. Against the nonresponsive strategy, player
i’s expected flow payoff in period ¢ is w;(a;, a—; ), while its equilibrium expected flow payoff

is u;(ay). Because both are linear in the period-¢ distribution of play,
vi(04,0 ;) —vi(0) = (1 = 9) Z 8 (wi(@iy omig) — wilon)) = wi(@, ;) — ui(a) = gi(a;, o),
t=1

where a_; is the marginal of the occupation measure « on A_;. (AK19’s Lemma 4.2 establishes
the corresponding claim for an arbitrary distribution attaining the equilibrium payoff via a
minimax and convexity argument; because (39) is stated at the occupation measure itself,
linearity suffices.)

The loss from punishment is controlled by history divergence. Player i plays a; in every
period in both terms of the loss from punishment, so the two payoffs differ only through
the distribution of rivals’ play. Let ¢¢(h'5') = >,  o_i(a—; | h'3") ui(a;, a;) be player i’s
expected period-t flow payoff given rivals’ history, and note that ||¢:]|oc < ||u;]lo. Under
(G;,0_;), rivals’ period-t histories are distributed according to i'~', while the nonresponsive
strategy replicates rivals’ on-path behavior, a_;(a—;) = th__f pH A oi(ay | R,

Therefore

03(G3,0-4) — 0:(G3,T3)| = (1= 0) Y 6 (5N (WSY) — w5 (D) di(h5)
t=1 ht__il

< 2||ul||oo (1 - 5) Z(st_l Hﬁt—_zl - :ut—_ilHTvv

t=1

using | 3, [(h) — p(h)]o(h)| < 2(|9llollF — pellrv-
Now apply Lemma 5 at horizon ¢t — 1 and exchange the order of summation, substituting
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s=t—1—1t"

Zét HIES = 15y < Zét IZTW““““ NG o)
t=2

=1
=D D5 TVE @)
t'=1 s=0
’ < (SL <L/~
—Z(St Z(SSTV *(a;, o) + = 5TV;* (@i, ap) | .
=1

Because each TV;~*(d;, -) is linear in the distribution and (1 —6) 3", 6" 'ay = «, multiplying
by (1 —¢) gives

-1

~ ot -
(1_5)Z5t_1 ”“tf — 15 1”TV [ 5 a“a)+1——5TVz§L(aia0¢)]

t=1

(e o]

s=0

0
= —(5 zeﬁ(azaoé)7

the last equality by (38). The loss from punishment is therefore at most 222 [|u; oo T'Vi et (as, )
in absolute value. Combining with (41) and the nonpositivity of its left-hand side,

9i(as, ) = v;(0:,7 ;) — vi(0) < — (vi(Gs, 0-4) — vi(04,04)) <

20 -
1 _ 5 ||ui||OOT‘/;,eH(ai7a))

which is (39). Maximizing the right-hand side over ¢ and a; delivers the second claim. [

A.4 Proof of Proposition 3

We first establish the following Lemma.

Lemma 6. Fiz «, i, and a;. Suppose that the conditions of Proposition 5(ii)—the delayed-
signal counterpart of Proposition 1(ii)—hold, and

) ) _
Vi(a) < mpmin i ]| 5 Z a(a) TVz‘,efE(aa aj)- (42)

a

If « satisfies (bound) at the constant manipulation a;, then it satisfies (bound-AK19) at a;.

Proof. Throughout, fix i and a;, let 5; be the constant manipulation with 5;(a; | a;) = 1
for all a;, and write TVi(a) = >, a(a)TVier(a,a;) and x7 (@) = x7eu(5i, 5 p—i). Note
that because p=!(y=! | a) is a sum of probabilities over full signal profiles, it is at least

<
L TV= “(a,a;)®. Because total variation is at most one,

—  Pmin

Pmin, and hence x? (ai,a7p:i)
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TV="(a,d;)*> < TV,="(a,d;). Combining these inequalities, weighting by w, = (1 — §)&* for
¢ < L and 6* for ¢ = L, and averaging over « yields

ngTV a, al

ngTV a,a;) (43)

X;(a) <

pmln

<

p min
4

a

TV(a).

Pmin

By hypothesis, Proposition 5(ii) is applicable, so the right-hand side of (bound) at 3; is
\/1 sX:(a)Vi(a). Suppose a satisfies (bound) at 5;. Combining (43) with (42),

0,0) < |/ 75X @)Vile)

§  ATVi(a) 6
< . ) e TV
> \/1 -0 DPrmin 1 — 5pm1nHUZ||OO V;(Oé)

20
= il TVi(0),

which is (bound-AK19). O

Because every term of (38) is nonnegative, TV; o (a, ;) > 0°TV;="(a,d;), so it suffices to
show that V;(er) < &5 puuinllus]2 3
enough. Let

L a(a)TV;="(a, @) for every a, i, and @; once ¢ is large

M; = max max <u2 @) ul(azz pun)
a;€EA; a,a’€A TV (a7ai) —I—T‘/,L_ (a’,ai)

with the convention 0/0 = 0. Each M; is finite because A is finite and, by hypothesis,
the denominator is only zero whenever the numerator is. Further, notice that if ¢ and o
are both independently and identically distributed according to a, we can rewrite V;(a) =
+E[(u;(a) — ui(a))?]. Relating this to M; yields

V@) = 3 - ala)ala) (ufa) — (e’
M?a , <L/, ~ <L/ 1 ~
< 5 Y ala)a(@) (T (a,@) + TV @)

a,a’

44



*MZ <L(a,@).

Therefore, (42) holds for every « and a; whenever % Pmin || i

12, > M; for every i. If
|uilloo = 0, then M; = 0 and this inequality holds for every d; otherwise, its left-hand side is
strictly increasing in § and diverges to +00 as § — 1. Thus there exists a threshold § < 1
such that the inequality holds for every i if & > 6. The conclusion then follows from Lemma 6.

]

A.5 Proof of Lemma 4

First define the constants mentioned in the lemma statement:

_ BIvV-1)
14 p(N-2)
pha(N — 1)
A=b 1+ p(N—2)
o _ (I=p)(I+pN-1))
ST T I (N )
b — N?pa? — (1= p)(L +p(N — 1))

N202 + (N = 1)(1 = p)(1+ p(N = 1))’
o _ N?02+ (N —1)(1—p)(1 +p(N - 1))

Til= = N202 + N(1+ p(N — 1)) ’
) BR(N — 1)
Foon (L4 p(N -2))
p.ba(N — 1
Be=bit 1+p((N—;)’
2 op. (L= p2)(L+ po(N — 1))
=iz 1+ p.(N —2)

where p, and aﬁz are the correlation and variance of firms’ sales conditional on z respectively.
Suppose that rivals set prices p_;, and firm 7 is recommended to set p; but instead sets p;. Let
{f(- I P)}peepy be the family of conditional distributions of log sales given prices. Under p
and (p;, p—;), rivals’ sales are distributed according to N (p—;(p), X—;) and N (p—;(pi, p—i), X—i)
respectively, where p_;(-) and X_; are the subvector and submatrix of x(-) and ¥ eliminating
firm ¢’s entries, p_;(p) — p—i(Ps, p—i) = ba(p; — Pi)1n—1, and 1 is a K-dimensional vector of
ones.

Using the formula for y?-divergence of two normally distributed vectors with the same
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covariance, the detectability from rivals’ sales only can be written as

L X3 (si 0 foi) = B [exp ((ba(pi — Pi))° 12711)]

2 (44)
=E [eXP ((Pz —pi) “)] :
Meanwhile, x; | x_;, p is also normally distributed with mean given by
ﬂil—i(p):A_blpi+bQij++z in—A+b1pj—bzsz
— 14+ p(N —2) &= .
J#i J#i k#j
and variance o2 i . Firm i setting p; instead of p; shifts this conditional mean by A(p; — p;)

and leaves O'Z-‘_i unchanged. Because the shift is constant in z_;, the f-divergence chain rule
factorizes the per-deviation detectability of the full signal (x;, z_;) into the rivals-only term

(44) and the detectability of x; conditional on z_;:** for each (p, p;),

gy .
i|—1i

) — e () e (M) | (45

the second factor being one plus the y2-divergence between two normals of common variance

- whose means differ by A(p; —p;). Averaging (45) over (p,p;) ~ (a, s;) yields the case (b)

9 \

detectability, 1 + x> (s;, ) = E [exp ((pZ —pi)? </€ + f%))} . Because case (b) features

i|—i

i-semipublic monitoring, Corollary 1 gives x: %(sl, a) = X?”(;‘?f(si, «), which is this expression.

In case (a), the mediator observes only x_; and i’s report. The deterministic manipulation
reporting z; = x; — A(p; — p;) cancels the conditional mean shift, so the second factor of

2NS(S%O[) _

(45) becomes one. The chain rule then leaves only the rivals-only term, 1+ y
E [exp ((p; — p;)?k)], which is optimal by Proposition 1.?! Because A > 0 (the map p
p(N —1)/(1+ p(N —2)) is increasing on (—1/(N —1),1),s0 A >b; — (N —1)by = >0
by Assumption 1(i); the same argument at p, gives A, > > 0) and by hypothesis there is
positive probability of p; # p;, the term inside the second exponential is strictly positive with
2 NS < 25
Xi,eff'
For case (c), notice that T ] Pz ~ N(u(p, 2), 2.), where pi(p,2) = A= bipi +b2> ;05 +

1+(N—-1)p
T (N—1)p+ No2

positive probability and X

z and X, has aﬁz on the diagonals and pzaﬁz on the off-diagonals. Firms observe

20This is the multiplicative form of the decomposition in Lemma 3, available because the conditional
detectability is constant in x_;.
21 Another way of seeing this is to note that case (a) falls under Corollary 1(ii), with gz(pz)

_ (bl + fif;((]]\[vilz))) i, g-i(p_i) = 1fp((1];l:)2) + 1f21;b22) Z]#pj, and the residual equal to x; — p;_;(p) +

m Zj# xj. The residual is independent of the action profile conditional on z_;, as x; — /h\—z(?) ~

N(0, U?l_i) and the remaining term is conditionally deterministic.
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sales contemporaneously and z after L periods, so detection uses the information set (z;, x_;)
at lags ¢ < L and (x_;, z) at lag L. Because z is public, any message manipulation that places
probability less than one on truthful reporting of z results in an effective detectability of oo,
and hence we only study the choice over message manipulations of own sales ¢;(z; | pi, ps, x;)
while implicitly fixing ¢*(2 | pi, Di, @4, Ti, 2) = 1.

Similar to cases (a) and (b), z; | x_;, z,p is normal, with variance Ui2|—i,z and a mean
that the deviation shifts by A,(p; — p;). Suppose that the manipulation takes the form
of a constant shift ¢;(x; — A*(p;, pi)(pi — pi) | pi, Pi,xi) = 1 for some per-unit recentering
A*(p;, pi)- Then, applying the chain rule of (45) at each information set—before z the residual
conditional mean shift is (A — A*)(p; — pi), and after z it is (A, — A*)(p; — p;)—and noting
that z carries no detectability of its own, the effective detectability takes the form of (32).
Among such manipulations, the minimizer A*(p;, p;) of (32) lies between A, and A for every
(pi, D) (strictly so when L > 0, as the derivative of (32) is nonzero at each endpoint). If
L = 0, the first term has weight zero and the minimizer is A* = A, so (32) reduces to
E [exp ((p; — p:)?k.)], the rivals-only detectability conditional on z. If L > 0, minimizing the
first term alone requires A* = A while minimizing the second alone requires A* = A,. Since
A, # A, no single A* does both, so at least one term has a strictly positive residual and
detectability is strictly above the rivals-only floor. Meanwhile, truthful reporting corresponds
to the recentering 0 < A,, and both terms of (32) are strictly decreasing in the recentering
on (—oo, A,|, which gives the strict inequality Xi’:'ém < Xi’ej;f in the statement.

The final step is to show that such a constant-shift manipulation is globally optimal. By
Proposition 6, it is if and only if, for every received x;, the effective excess score function
A(Z; | ;) is minimized over z; at x; — s*, with s* = A*(p;, pi)(pi — pi). To facilitate more
readable notation, let ¢ € {0, L} denote the lag and Z, denote conditioned-on information at

lag ¢ with Zyp = x_; and Zj, = (z_;, z). The excess score function is

ANz | z) = (1 — 5L VAo(z; | ) + (5LAL(:v, | z;),

(Z, | pi _ T+ 5| pi, Ly) — f(zi | pi, L
A (mz ‘ 33'1 - p i |i/ f IKE||Z;Z xz pi>IE) (f( . |f1()§51 ’2;91 Z.’-];; |p é>> dz.e:| 7

where all densities inside the expectation also condition on p_;, E, . averages over p_; ~

a(- | p;), and the inner integral runs over Z, (for ¢ = L, over (z_;, z) with z drawn from

its marginal).?? Let Z = [ f(Z¢ | i, p—i)*/f(Ze | pirp—i)dZe, and fulZy | p—i) = Z; ' F(Ze |

22A; averages over z because T; is sent before z is observed, so the manipulation qi(T; | pi, Di, ;) cannot
condition on z. Technically, this statement is only true for L > 0—if L = 0 then Z; can condition on z.
However, for the L = 0 case, A* not depending on the realization of z turns out to attain the lower bound
and is thus optimal, so not conditioning on z is without loss for this case.
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Pi,p—i)%/ f(Zy | piyp—i), so that ﬁ( | p—i) is a density. We can rewrite Ay as

Ae(Ti | i) = B, , [ZE {f@ | Bpi T) (f (@it 5" | opi T) = (@ pi,p_i,m)”

f@z’ | pmp—z',Ie)

where Ez, is taken with respect to ﬁ( | p_i)-

Fix p = (p;, p—i) and analyze the inner expectation. Let u,(Z,) = Elx; | Zy, p], which is
affine in Z,, and abbreviate o2 = Jfl 0= O’Z‘ i Do =A, and Ay = A.. Conditional on
p_i, Ly, x; is distributed according to N (u(Z;), o7) on path and N (u(Zy) + s¢, 07) under the
deviation, where s, = A(p;—p;). Thus, letting ¢(+; i, %) be the N'(u, 0%) density function and
Asy = 5° — s, and noting that ¢(z; i, 02)/6(2: 12, 0%) = exp (2 (1 — i2) — 728 — 122),

we can rewrite Ay(z; | z;) = E,_, [ZiEz, [g(pe(Zy))]], where

—1

o(p) = a2 + 50 (enp (2T LI 2) ) )

2
¢ 207

To evaluate E,, we use the following properties of ﬁ First, because Z | p and Z; | p;, p—; are
both Gaussian with a common covariance, ng o< f(- | i 2 fC | piy. ), T ~ ﬁ is also
Gaussian with the (i) same covariance and (ii) a mean shifted by twice the deviation’s shift of
the on-path mean.?® Since y,(Zy) is an affine function, it follows that p,(Z;) is also normally
distributed, and we can write jy(Z;) ~ N (myg,v,). Due to (i) and the law of total variance,
v+ o7 = Var(x; | p) = 1, and (ii) implies that m, = p;(p) + 2(by — Ay)(p; — Di). Because g(-)
only depends on Z, through p,, we may therefore rewrite Ez, [g(1(Ze))] as E,, o nr(mg,v0)[9(12e)]-
Direct computation, noting that E,, x(u.02)[¢(2; 1, 0%)] = @(; o, 0f + 0°), yields

Asy ~
EM~N(me,w)[9<M>] = Y@ (xiS ke, 1) €xXp (—0—2833'@') - ¢($i; Ko, 1)7
¢
~ As
ke = pi(p) + (201 — Ag)(pi — ps) + 0—26(1 —07),
¢
A ASg
k’g = k’g — O_—Z(l — 0'?),
A i(p)+2(by — Ay)(p; — pi As?(1 — 202
1 (220) 20 800 =) | 212D
Oy Oy

Removing terms that do not depend on z;, we thus ultimately need to show that, for all z;,

To see this, note that ¢(x;p — d,3)?/d(x;p, %) = k?/kexp(—
p)'SHa = p)) = kexp(—3(x — p+2d) S~ (& — p+ 2d) + d'S
k= (27T)—dimz/2|2|—1/2.

%? —pt+ AT —ptd) - (2 -

(
d) = exp(d'’S7td)¢(z; u — 2d,Y), where
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Asg
r;—s" €argminE, . |(1-— (5L)Zofyo¢(3:i; ko, 1) exp (——iowi) +

S Zrypd(ws; kr, 1) exp (—A—?@> ] )
9L
Consider a relaxed problem in which z; is allowed to condition on p_; as well. Clearly if
r; — s* is a solution to the relaxed problem point-by-point, where s* does not depend on
p_i, it is a solution when averaging over p_; as well. The objective of the relaxed problem is
convex, being a positive combination of exponentials in Z;; as A* € (A,, A), Asy and Asy,
have opposite signs, an interior minimum exists, and the first-order condition is necessary
and sufficient for a global minimum. Its first-order condition, after taking logs and noting
that the log-ratio of two unit-variance Gaussian PDF's is linear in x; with slope equal to the

difference in means, is

zi(z;) = ki = ko T;— S
Y Aspfor — Asgfogt

_ ASO ASL -1 ASL/O'% 5L ZLP)/L 1 2 2
— (20 2 g [ — - : — (k2 k).
’ ( g i ) {og ( Asofog  1—0" Zyy 2 (k2 = o)

The coefficient on z; evaluates to 1, as

- As As
k‘L — k?() = (AO _AL)(pz’ —pz-) + —2L - —20 —|—ASO — ASL
oL 09
ASL ASO
:80—8L+—2——2+8L—80
oL 09
. ASL ASO
or  of

Further, the only way in which 5 depends on p_; is through u;(p) in 7, and k,. However,
log(v2/%0) = (Asp/o] — Aso/og)i(p) +7, and (K —k§)/2 = (Ao —AL)(pi —Di) + Asp/of —
Asg/o2 4+ Asg — Asp)i(p) + k = (Asp /o2 — Asg/o2)us(p) + k, where 7 and k do not depend
on w;(p). wi(p) therefore cancels out of 5. The solution to the relaxed problem is thus
Z; = x; — 5, where 5 does not depend on p_;; as such, this is the solution to the original
problem as well.

Finally, assume towards a contradiction that s # s*. If so, then for every received z;,
firm ¢ would prefer to move its report in the same direction, so effective detectability would
strictly fall within the one-parameter family of constant shifts. This contradicts that A*(p;, p;)
minimizes (32) within exactly that family. Thus, z; = x; — s* minimizes the effective excess

score function when it is defined according to the same manipulation which, by Proposition 6,
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implies it is the globally optimal manipulation. O]

A.6 Proof of Proposition 4

We begin by putting detectability in the three monitoring structures in a common form.
Fix a monitoring structure o and a firm i. For a given (p;,p;), where Ap = p; — p;, each
firm chooses a fixed message manipulation d;, where (as Lemma 4 showed) d; is a single

recentering constant for each Ap, to solve a problem of the form

X g (Ap) = min Y (exp(Ko(d)*Ap®) — 1) (47)

2 eff
lel

where D is a compact set of possible manipulations, £ = {0} and wg = 1 in the no sharing and
sharing scenarios, and £ = {0, L}, wg = 1 — 6%, and wy, = 6% for the demand signal scenario.
Ko(d)* = & + (A —d)?/a}_,; (we take D = {0} when sharing and D = [0, A] otherwise, which
contains the relevant minimizers by Lemma 4), and K(d)? = k, + (A, — d)2/ai2|7i,z in the
demand signal case. Because this formula is pointwise in (p;,p_;), the overall minimized
detectability is the (p;, p;) ~ («, s;)-average of the pointwise detectabilities,

Xzeﬁ‘(s'h @) = Eop,~ai pimsi(lp:) |:X27eﬁ‘(pi —pi)| - (48)

22, A

Given (47), define the linearized problem for a given monitoring structure and its squared

value as
2 _ - 2
K> = min % weK,(d)*. (49)

The solutions to this problem for each case are the monitoring constants defined in the
proposition statement. Letting d(Ap) be the solution to (47), note the following two facts.
First, e* — 1 > z for z > 0 implies that XieH(Ap) >3, weKo(d(Ap))?Ap* > K2Ap?, where
the last inequality is by optimality of K,. Second, letting K = maxy 4 K;(d)?, which is finite
by compactness and continuity, e* — 1 < z + %zzez implies that

1—4 2,
KGAD” < x; o (Ap) < KGAP” + 5K exp(K (5 = ¢)*) Ap". (50)

Necessity. Suppose a satisfies (bound) for all i,s;. Let D = SUPp,elep | Di(pis )| > 0.
If D =0, or E,.[Di(pi;)? = 0, then (34) holds trivially. Otherwise, consider a pure
manipulation s¢ that, for each recommended p;, places probability 1 on p; = p; +D;(ps; )/ D

for a small € > 0. This is a valid manipulation for € small enough, as D;(p;; «) has the sign of
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1 —by(p; — ¢) and so the deviation always points towards p”. Substituting Ap = eD;(p;; a)/D
into (50) and dividing by 2 on both sides implies that

‘Kg <Di(%; oz))2 B Xieﬁr(SDi(pz‘;a)/E) _ 1F4 exp (5 — )¢ (MY

€2 — 2
< 5K ep(E (P - c’)e*,
where the last inequality is because |D;(p;; «)/D| < 1. Taking limits as € — 0 implies that

) /2 2 N TN2 1 :
X g (eDi(pi,) (D) /2 = K2(Dy(pis ) /D)? wniformly in p;
Now, evaluating (bound) at s and dividing both sides by ¢ gives

E, —Vi(a)

g2

Wi(Pi + EDi(Pz'Q @)/ﬁ, pfi) - Wi(P)] < Y Eao, Xieﬁ“(EDi(pi; a)/ﬁ)
5 < )

Taking ¢ — 0, noting that m; is continuously differentiable on [c,p]" so that its difference
quotients converge uniformly and integrals and limits can be interchanged, and applying
uniform convergence of X?,eff(gDi (pi,)/D)/e? — K%(D;(p;;a)/D)? yields

D (p: )2
E{ i Vi(a)K2E,, {—Z(ﬁa)]
D

which, after cancelling D, squaring, and dividing through by E,,[D;(ps; a)?], is (34).

Sufficiency. Suppose (34) holds for all i. First consider a pure manipulation, which takes

the form p; : [¢,p] — [¢,P]. As interim profits are concave, we have

Ee, [mi(Di(pi), p—i) — 7i(p) | pi] < [Dilps; )| 1pips) — pil - (51)

We therefore have

9i(pi, @) < Eq, [|Di(pi; o) |pi(pi) — pil] by (51)
< \/E Pz, ]]Eal[(]/;z (pz) - pi)z] Cauchy—Schwarz
4]
= ngEaz[(pi(pi) —pi)?*Vi() by (34)
< 1 f sXi eff(p'“ a)Vi(a) by (50), averaged over «
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which is (bound). For a mixed manipulation, which we can rewrite as a distribution s; over

pure manipulations p;, note that concavity of the square root and linearity of g; in s; implies

that gi(ss, @) = E[g:(Fi,a)] < E [\/%ﬁyeﬁ(@,a)%(a)} < \/%E X2 (i, @) Vi) =

\/ 1%5 Xfeﬁ(si, a)V;(a). Thus, (bound) applying to all pure manipulations means it applies to

all manipulations as well. O
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